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TUNNEL DIODES IN AMPLIFIER CIRCUITS (REVIEW) 
Yu.I. Vorontsov, K.S. Rzhevkin 


We report the main theoretical and experimental results of research on amplification, 
frequency, noise, and nonlinear properties of tunnel-diode amplifiers. The most typical am- 
plifier designs for various frequency bands are described. Certain ideas are advanced on the 
prospects of further developments in tunnel-diode amplifiers. 


INTRODUCTION 


Three years ago Esaki [1] published the first communication on the development of the 
new semiconductor device, the tunnel diode. 

During the time elapsed since, many papers were published on the tunnel effect in p-n 
junctions [2-6] and on questions connected with the application of tunnel diodes in various radio 
circuits [7-10, 50, 51] 
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Fig. 1. Volt-ampere characteristic Fig. 2. Equivalent circuit of tunnel 
of tunnel diode diode for alternating signals 


As is well known, the tunnel diode is a narrow p-n junction with a decreasing section on 
the forward branch of the volt-ampere characteristic (Fig. 1) and with a large conductance in 
the inverse direction. These properties are connected with the quantum mechanism of the 
penetration of the electrons through the potential barrier of the p-n junction via the tunnel 
effect. Among the favorable attributes of the tunnel diode is that it can be used at high fre- 
quencies and over a wide temperature range, its small dimensions, low sensitivity to nuclear 
radiation, and low energy consumption [6]. The limiting frequency of the tunnel diode is de- 
termined by the values of the parasitic capacitance C of the p-n junction, the differential 
resistance R at the operating point, and the loss resistance r (the equivalent circuit of the 
tunnel diode is shown in Fig. 2). Consequently the frequency properties of the tunnel diode are 
limited to a considerable degree only by the technological difficulties in manufacture, connected 
with the reduction in the aforementioned parameters. The conductivity mechanism itself should 
in principle be independent of the frequency up to 1013 eps [11]. 

Presently available tunnel diodes already have a limiting frequency reaching hundreds of 
gigacycles (X = 0.3 cm) [12]. 

The foregoing properties of the tunnel diode permit its use in various radio circuits. 

From among the manifold applications, one of the most promising is the use of the tunnel 
diode as an amplifier for the UHF and the microwave bands. This is caused by the relatively 
low noise level (2-5 db), simple construction, and freedom from need of a pumping generator 


afforded by amplifiers using tunnel diodes. 
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In view of the considerable recent interest in tunnel-diode amplifiers, we make here an 
attempt to discuss systematically the problems connected with the operating principle of such 
systems, an evaluation of the results obtained, and the prospects of further developments. 

The information cited in the article is based on data gleaned from published papers and 
also on research carried out by the authors. 


1. AMPLIFYING PROPERTIES OF TUNNEL DIODE 


Like any other element with a decreasing portion of the volt-ampere characteristic, the 
tunnel diode is capable of amplifying and generating electric oscillations. 

The amplifying properties of such an element are best explained 
using as an example the operation of the simplest circuit illustrated 
in Fig. 3. We can write for this circuit the following obvious relation: 


I (ug + Ey) = PR, + Io (1) + PR, 


where V = ¢(1) is the analytic expression for the volt-ampere charac- 
teristic of the tunnel diode. 

In the general case ¢(I) is a nonlinear function. However, in am- 
plification of alternating signals of sufficiently low amplitude the func 
tion ~(I) can be represented as linear in the vicinity of the working 
points, the coordinates of which are Ig and Vg (see Fig. 1). Since the total current in the cir- 
cuit I consists of a de component Ig and an ac component i, the equation for the energy balance 
in the circuit of Fig. 3, after averaging over the cycle, assumes the form 


Fig. 3. Diagram of 
series-type amplifier 
(TD — tunnel diode) 


IoEy + ig = I0R, + BR, + Lop (Lo) + Bg! (lo) + Loki + PR, 


where ¢'(Ig) is the differential resistance of the tunnel diode at the operating point; Igp(Io) + 
+ i2¢~"(Ig) is the total power dissipated in the tunnel diode. 

Inasmuch as in the linear approximation the presence of the ac component of the signal 
cannot influence the value of the direct current Ig, the dc power Ipy(Ip) dissipated in the tunnel - 
diode remains constant during the process of operation. Therefore if the working point is 
chosen on the decreasing portion of the volt-ampere characteristic (see Fig. 1), @'(Ig) < 0, 
then in the presence of an ac component the total power dissipated in the diode will decrease 


by an amount i2@ (Ig). This power is naturally divided between the load and the generator. 

Calculations show how an element with negative differential 
resistance can convert the energy of a de source into an ac signal 
energy. 

The circuit considered (Fig. 3) is the simplest tunnel-diode 
amplifier. As already shown, amplification with this circuit is 
possible only if the operating point is on the decreasing portion of 
the charicteristic. This point will be stable only under certain 
relationships between the parameters of the equivalent circuit of 
the amplifier, as shown in Fig. 4. The circuit of Fig. 4 is ob- 
tained from that of Fig. 3 by replacing the tunnel diode with its 
equivalent circuit in accordance with Fig. 2. The resistance Ry 
and the inductance Lj can correspond to the resultant active resist- 
ance and the summary inductance of the tunnel diode and the circuit. 

The stability of circuits containing elements with dropping portions of the characteristic 
have been investigated in detail in [13]. The stability of tunnel-diode amplifiers has been 
treated in many papers [14, 15], and the gist of their conclusions is as follows. 

The starting point for the determination of the stability condition is the characteristic 
equation, which for the equivalent amplifier circuit shown in Fig. 4 has the following form: 


Fig. 4. High-frequency 
equivalent circuit of 
series-type amplifier. 


; Tp Fe [ R 
L,Ch* +|R ick atl ee petoe 
1 J D2) W Uo) AA | @ Uo 


: 
peel 


where 
Rs == R, a Ry Spaohie 
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| According to the Routh-Hurwitz criterion, a circuit described by a second-order differen- 
_ tial equations with real coefficients will be stable, if all the coefficients of the characteristic 

_ equation have like signs. Consequently, ifthe operating point is chosen on the dropping portion of the 
| characteristic, i.e., (Io) < 0 and Rp > |o'(Ig)|, then 1+ Bin > 0 and the equilibrium 

| position (point 2 on Fig. 1) is always unstable, since L,C is a positive quantity. Therefore 
the case of Fig. 1 corresponds to the straight line V = Eg -1Ry5 1. Inasmuch as 1¢ "(I > 0 at 


points 1 and 3 of Fig. 1, these equilibrium positions are always stable and the circuit will be 
yin one of these positions. A change of the circuit from one equilibrium position to the other 

__ can occur only under the influence of an external signal. As is well known, such a mode is 
realized in pulsed circuits. 

| Another operating condition, which must be satisfied in amplifier circuits corresponds 
to the case ¢'(Ig) < 0 and Rp» <|o'(Ip)| . Then 


and the equilibrium position at the point Ig, Vo will be satisfied only if 
ins =e Uy igen Hy Mina (Up) CG. 


If the inductance Lj does not satisfy the last inequality, the circuit acts as a generator of 
undamped oscillations. 

Thus, in choosing the parameters for tunnel-diode amplifier circuits it is necessary to 
satisfy two conditions : 


Ty ORs| RC, (1) 
Rs <|Rl, 


where 


R= $'(1o). 
rd 

Depending on the type of amplifier circuit and on the way the load is connected, these 
conditions may change appreciably, but the characteristic feature is the fact that the equiva- 
lent resistance (load and losses), evaluated in parallel with the tunnel diode, should always 
be less than the absolute value of the differential resistance of the tunnel diode at the oper- 
ating point. 

In real tunnel-diode amplifiers, the ac and de circuits are as a rule separated. In spite 
of this, the conditions for the stability should be satisfied to an equal extent in all the circuits. 
This requirement imposes certain specific conditions on the design of the bias circuits. 

Methods for setting the working point in tunnel-diode amplifiers are quite varied. The 
choice of the bias source and the method whereby it is connected depend on many conditions 
such as the type of the circuit, the working frequency range, the differential resistance at the 
working point, and others. Within the framework of our review, we cannot dwell in detail on 
all the features involved in the solution of this problem. Various circuits for connecting the 
tunnel diode to the de bias source are considered in detail in [16]. 


Principal tunnel-diode amplifier circuits 


Inasmuch as the tunnel diode is a one-port network, the determination of the power gain 
of such amplifiers becomes particularly important. 

Usually the power gain is defined in radio as the ratio of the signal power delivered to the 
load to the signal power available from the generator at the input to the given amplifier ele- 
ment. This is the so-called transducer power gain. Since the input and output of the tunnel 
diode cannot be distinguished, this definition of the power gain cannot be used for tunnel-diode 
amplifiers. 
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In addition to the transducer gain, one frequently uses the so-called nominal gain, defined 
as the ratio of the signal power delivered to the amplifier load to the power that the same sig- 
nal generator can deliver to a matched load. 

In any specific circuit, the input impedance of an amplifier element may not be matched 
to the internal impedance of the generator, and consequently the nominal gain characterizes 
the amplifying properties of the circuit as a whole (generator, amplifier, load) with account 
of the mismatch losses. Since such a definition of the gain does not require knowledge of the 
power at the input of the active element, it is convenient also for use with tunnel-diode 
amplifiers. 

In addition to the nominal gain, amplifiers are frequently described in terms of a coeffi- 
cient defined as the ratio of the signal power delivered to the load with the tunnel diode con- 
nected, to the power in the same load after the tunnel diode is disconnected. This coefficient 
is called the insertion power gain [14]. 

The inserted gain characterizes the power in the circuit when a tunnel diode is inserted 
in it, and this accounts for its name. The inserted gain differs from the nominal gain only in 
that in the definition of the nominal gain the input power is taken to be Ug /4R;, whereas in 


the definition of the insertion gain we use 


u 2 
(am) Se 


\ 
Consequently, the nominal gain K differs from the inserted gain K;,, by a factor 


K 4k Ry 
Ko, (Rit RP 


= N omit. 


When R; = Rj we have N=1, and in all other cases N<1. Thus, for known Rj and Rj 
we can determine uniquely K from the known Kjng and vice versa. Both definitions of gain are 
used in the literature on tunnel diodes. Thus, for example, the nominal gain is used in [17] 
and the inserted gain in [14]. 

In the amplifier circuit, the tunnel diode can be connected either parallel to the load or 
in series with it [6]. Accordingly, there are two types of tunnel-diode amplifiers, parallel 
and series. The choice of the particular circuit depends on the frequency and amplification 
properties, and also on the structural features, which begin to play an appreciable role in the 
design of amplifiers for the UHF and microwave bands. 


Parallel amplifier circuit 


It is easy to show that for the parallel circuit (Fig. 5) the inserted gain is 


’ (2) 


where 


and 


Lion 


[oz oR?C | 


R 
T+(oRcye TJ ~~ 1+ (@RC} 


(3) 


Zq is the tunnel diode impedance (in accordance with the circuit of Fig. 2). If we substitute 
(3) in (2) we obtain 


K. = | 
ins a BS [1 + (@RC)?] + 2Rp{{i t+ (oRCP]r— Ry’ (4) 


(2) [YFP al 
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where 


a OAS 
ROV Tf = 
determined from the condition ReZg(w) =9. wqa is called the limiting 
frequency of the tunnel diode [6], since at higher frequencies the real part 
of the tunnel-diode impedance becomes positive, i.e., the diode is no 


When r <R, w'y will coincide with the frequency wg = 


longer an element with negative resistance. Fig. 5. Diagram of 
parallel-type am- 
According to (4) at frequencies w< wg, recognizing that r« R, we plifier. 
obtain 
is a, ee eae , 
HS OY - FP Sc (5) 
Kingg "Ht \ a 
where 
Ree 
inso fa Rp \2' (6) 
(4 ir ) 


An important parameter of the amplifier is the bandwidth, defined in terms of the speci- 
fied coefficient of non-uniformity of the frequency characteristic y = Kj), /Kingo. It follows 


from (5) and (6) that the frequency wo, corresponding to a definite value of y is 


According to (6) we have 
(eee V Kings! R: (6a) 


Then 


In particular, when y = 1/2 


It is interesting to note that although the tunnel diode remains an active element up to a fre- 
quency Wg, we have King =1 at a frequency 
V Rinse? 
VK inso” 1 


il : 
oO, = RG < Wy. 


When 


kb oe = 


I 
inso~ vite 


The limitation of the frequency range of the broad band amplifier to the frequency 
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Ww 1 “« Wq_ is due to the shunting action of the p-n junction capacitance. 
The influence of the tunnel-diode capacitance is greatly reduced in resonant amplifiers, 
where it serves as part of the resonant circuit. 


Parallel resonant amplifier circuit 


R2C 
The principal diagram of the resonant amplifier is shown in Fig. 6. If L<« [1+ (RO) 
(see [3]), then the inductance of the diode can be neglected, for in this case the tunnel diode 
has only a capacitive reactance. In this case the admittance of the circuit to the right of 
points 1 and 2 of Fig. 6 is 


Tone 


At the resonant frequency wy, determined from the condition ores = 0, the admittance be- 
> 


tween points 1 and 2 will be 


d / 


oO 2 
a 
Hf A) 


la = 


Aa a R 


Substituting this expression into (2) in place of Gi Zq, we obtain the gain of the resonant 
amplifier 


Ko a nid = 8 ; 7 
intr (eed ae etal (7) 
R ( @q ) 
We see therefore that by choosing the inductance L,. and the resistance R,, we can obtain an 
amplifier whose gain is greater than unity at a frequency close to wg. It is easily seen that 


the increase in the gain at high frequencies was accompanied by a reduction in the bandwidth. 
It is shown in [18] that the equivalent Q of circuits similar to the one of Fig. 6 is 


where Q pertains to the L,C circuit with loss resistance r; 

Zy is the resonant impedance of the circuit; Reg is the total 

impedance connected in parallel to the resonant circuit LeC. 
Consequently the bandwidth is 


Nos ie ee Se) ee 
Rye R ( 4 i RoC VR. Fig. 6. Diagram of parallel 
intr resonant amplifier. 


Using (7), we readily obtain 


——- 
Ao V King= R a == 


d 
: 8 
Ro (1 a7 | (8) 


Thus, the product AwVYK jing is proportional to 1/RC (the same as for vacuum tubes) 


and decreases with increasing operating frequency wy. For most practical cases, when 
Kinr © 1 and wy Kwa, relation (8) assumes the form 


/ pat, J 
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This equation is used in many papers [11, 15] and is shown by calculations to be approxi- 
mate. But since the assumptions made above as a rule hold true in real circuits, relation 


(9) is quite suitable for an estimate of the frequency and amplification properties of the tunnel 
diode. 


Series amplifier circuit 


According to the definition, the insertion gain for a series circuit such as shown in Fig. 3 
has the following form 


a RR, |? 
ind” | RFR, FF (10) 
Substituting expression (3) for Zg, we obtain 
3 R li 
; We an 
7 d 
King 1 R? o ‘ie RRO ew ¢ (11) 
Kinsg Ry (0, eas ae i 
where 
, 4 
Kins R—r\2? Rs = R; mc Ry. 
ownage) 
It is easy to see that when 
A ee ttf GOW Sy eee Oy Nene 
Kins 7s (a, 4 TR (a4 | 


and 


tly eat 
Kinso . 


a BO Ite Rand hy Sk, 
expression (11) coincides with (5). Thus, under the assumptions made above, broad band 
amplifiers have the same frequency characteristics whether they be series or parallel. 

If we connect in series with the tunnel diode an inductance satisfying the resonance condi- 
tion at the operating frequency wy (see (3)) 


oC 
wo, L 


ic i+ (o,Roe — ° 


and the stability condition (1), then the gain at the frequency wr will be 


4 2 


ea R 
1+75 |r, AGF | 


Koon 


(12) 


Thus, by choosing the inductance Le and the resistance Ry, we can obtain considerable gain 
at close to the limiting frequency. It must be noted that the case wy ~ wq has no practical 
significance, since Ry; ~ 0 as wy wq- In practice a sufficiently large gain can be ob- 
tained only at frequencies which are five or ten times smaller than the limiting frequency of 
the tunnel diode. 

The results of the calculations made for series and parallel amplifiers are illustrated by 
the plots of Fig. 7. 

The relations given for the simplest typical cases suggest the following recommendations 
concerning the choice of amplifier circuits. 

If the parameters of the tunnel diode (R, C, r, L) are known, together with the internal 
resistance Rj; of the generator, the load resistance Rj, the working frequency wy, and the 
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Mw 10° 0° tao, 
Fig. 7. Dependence of the gain on the fre- 
quency for various amplifier circuits: 

1 — frequency characteristic of broadband 
parallel amplifier; 2 — frequency character- 
istic of broadband series amplifier; 3 — de- 
pendence of gain on the resonant frequency 
for series amplifier (see (12)); 4 — depend- 
ence of gain of parallel amplifier [see (7)]. 


bandwidth Af, and if it is required to choose 
a circuit with a maximum gain, the main cri- 
terion for the choice of the circuit should be 

that the specified parameters satisfy the sta- 


bility conditions for the operating point: 
for series circuit Rj + Rj +r < |R| and 


L < (Rj + Ry + r)|R| C; 


Palo eye een al 1 
for a parallel circuit Ri 4 Ry > [R-2| and 
R,Ry 
L Caer aD |R|C 


If all four inequalities are satisfied, then 
the choice of the circuit is determined by com- 
paring (5) with (11) for broad band circuits and 
(7) with (12) for resonant circuits. 


Brief analysis of microwave amplifier circuits 


The calculations given above pertained to 
amplifiers with lumped constants. Greatest 
practical interest is attached to amplifiers in 
the microwave and UHF bands, in which an 


important role is played by the distributive character of the circuit elements. 
Two types of microwave parallel amplifiers are possible, differing in the place where 


the tunnel diode is connected. 


1) Transmission amplifier circuit, shown in Fig. 8, in which the tunnel diode is connected 


in the line between the load and the generator. 


2) Reflecting circuit (Fig. 9), where the tunnel diode is connected after the load. 
In the particular case when Z] = Zg = Z9, where Zg is the wave impedance of the line, 


the circuit of Fig. 8 will be stable if 


FLotr<|R| 


and 


3 <(+% + r)/RIC. 


Calculations show that for a transmission circuit for all relationships between Zp and Z, and 
Ze, the expression for the nominal gain has the following form 


If Ze = Zo, then 


pecud 4 ; 
Fi Pie tg Bl, | cos Bly 


d 


For the frequency corresponding to tan Bl] =0, where B= 27/2 is the wave number, we 


have 


4 


“laze 


1 1 
Zs ae 


d 


Analogous calculations for the reflecting circuit, shown in Fig. 9, yield the following 
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expression for the nominal gain: 


" 4 
| 1 ar Z , % —" 
[tej +m tae) 4i(4 H+ zB) ees Jeon 
where 
! 7 7. Zat iat pl 
1 


°° Zo-+ 1Zq tg Bl 


a 


oh fast ein 
2 1 2 
ta(z, + zx) 


These calculations show that in the particular case when Zo = Zo and Z, = Zo the ex- 


pression for the gain of the transmission amplifier coincides with the expression for the gain 
of the broad band amplifier with lumped constants (see (2)). 


y l f ( 
>| 
BIRR Gas 


Z CA 


Fig. 8. Transmission Fig. 9. Reflection microwave 
microwave amplifier of parallel amplifier. 
the parallel type. 


For a reflecting type amplifier, this agreement will take place only subject to the addi- 
tional condition tan B1=0 or |Zo| =|Zq|. 

To increase the limiting amplification frequency, the capacitance of the tunnel diode can 
be compensated for with the aid of a short-circyited line segment (Fig. 10), the length of which 
should satisfy the condition 


| 2g|° 


VA 7g) : 


If we neglect the inductance and loss resistance of the tunnel diode, the last expression 
coincides with that obtained in [19]. 

The effect of a line segment of length lg in Fig. 10 is equivalent to connecting the con- 
ductance Le in Fig. 6. Therefore the expression for the gain of a transmission amplifier 
with a short-circuited line segment coincides with Ze = Z| = Zg with the expression (7) for 
the parallel resonant amplifier with lumped constants. 

A typical series circuit comprising an amplifier with line is shown in Fig. 11. 


og’ 
4 
aS) 


Fig. 10 JO. salal 


Fig. 10. Diagram showing compensation of capacitance of 
tunnel diode at microwave frequencies. 
Fig. 11. Diagram of microwave amplifier of the series type. 
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Analysis of this circuit leads to the following expression for the nominal gain (when 
Z| = Zo): 


K= azole 2° 


Z 2 
| zara i (zs-+ 7 7420) tg Bh | cos Bh 


If Z, = Zg, then the gain is 


g 
Puzo? 
[Zg 2Zo[? * 
If Zg # Zo but tanl,=0, then 
> 4| Zl” 
I = ; : 
[Aa-F Zon, |* 


As can be readily verified, the last relation coincides in the case of a series circuit ofa 
distributed-element amplifier with expression (10) for a series amplifier with lumped con- 
stants. 


2. NONLINEAR PROPERTIES OF TUNNEL DIODES 


All the relations given in the preceding sections for the calculation of the frequency and 
amplification properties of tunnel-diode amplifiers are valid, strictly speaking, only for sig- 
nals with infinitesimally small amplitudes, when the characteristic of the tunnel diode in the 
vicinity of the working point can be represented by means of a linear function. As is well 
known, the real characteristic of the tunnel diode is essentially nonlinear, and the amplitudes 
of the amplified signals may exceed considerably the permissible limit up to which the volt- 
ampere characteristic can be regarded as linear [36]. In addition, the instability of the fixed 
bias source may also lead to a change in the position of the operating point, and consequently 
to a deviation of the real value of the gain from the value calculated by the linear theory. 

To estimate the magnitude and character of the nonlinearity let us consider in greater 
detail the characteristic of the tunnel diode shown in Fig. 12a. The dashed lines in Fig. 12a 
are the individual components of the currents flowing through the tunnel diode in the forward 
direction. Curve 1 corresponds to the resultant tunnel current through the junction and has a 
bell-shaped form; curve 2 corresponds to the normal diffusion current; curve 3 represents 
the dependence of the excess current, connected with the presence of additional impurity 
levels in the forbidden band of the semiconductor [20, 21, 22] on the voltage on the tunnel 
diode. The dependence of the excess current on the voltage has not yet been sufficiently well 
studied, and curve 3 of Fig. 12a is only one of the possible approximations, adopted in Ref. 
[5]. 

As follows from Fig. 12a, the resultant curve (solid line) obtained as a result of adding 
all the foregoing current components has a drooping portion of the characteristic, located be- 
tween a rather sharp maximum (Ix) and a fairly smeared minimum (Ijin). Inasmuch as 
the operating point in amplifier circuits is chosen on the drooping portion of the character- 
istic, greatest interest attaches to the chardcter of the relationship R = f1(V) (see Fig. 12b) 
or G= f9(V) (see Fig. 12 c) in the voltage interval from Vz to Vo. 

Calculations based on the linear theory show that to ensure a specified gain the operating 
point can be chosen anyplace on the drooping portion; it is immaterial here what the value of 
|R| is, since by choosing the corresponding load resistance one can always ensure as large a 
gain as is convenient. However, as follows from an analysis of the real characteristics of 
Figs. 12b and c, the most suitable is an operating point at a voltage Vg corresponding to the 
minimum value of|R| or the maximum transfer conductance|G|. This conclusion is the re- 
sult of the fact that the differential values|R| or |G| change very little in the vicinity of the 
point I9, Vo. Thus, at the point Ij, Vo, we can ensure minimum nonlinear distortion at max- 
imum output power. In addition, in the case when the operating point is shifted relative to Vo, 
there exists a danger of self excitation of the circuit whenever the voltage on the tunnel diode 
changes, since one of the conditions of stability can be violated near Vo. The choice of bias 
at the point Vg is also advantageous because in this case the limiting frequency wq and the 
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Figure 12 


a — volt-ampere characteristic of tunnel diode: 1 — de- 
pendence of tunnel current on the voltage; 2 — de- 
pendence of diffusion current on the voltage; 3 — 
dependence of excess current on the voltage; 

b — dependence of differential resistance of tunnel diode 
on the voltage; 

c — dependence of differential conductance of the tunnel 
diode on the voltage; 

d — dependence of the product I|R| on the voltage. 


product Af/K will have maximum values. 
The choice of the operating point can be greatly in- | 


fluenced by the shot noise of the tunnel diode, which as | 

shown in references [23, 24] is proportional to the product g 
I|R|. As follows from Fig. 12d, this product has a mini- | 

mum ata voltage V = V,, which turns out to be shifted 0 \e 

somewhat,to the right relative to Vg. Therefore the final | 


choice ot the operating point on the volt-ampere charac- 
teristic depends on the purpose of the amplifier and is 
determined in each particular case on the basis of a com- 
promise solution. 

In the present time there is no simple analytic ex- 
pression for the tunnel-diode volt-ampere characteristic 
[5, 25, 26, 27, 49], which would describe sufficiently 
accurately all the processes occurring in narrow p-n 
junctions formed by two degenerate semiconductors. All the presently known analytic expres- 
sions for the volt-ampere characteristic are either polynomials of not less than the eighth de- 
gree, or contain different combinations of exponential terms. Therefore to estimate the non- 
linear properties of the tunnel diode we shall use the approximate expression for the con- 
ductivity G(V): 


G(V) = a(V —Vo)? —Goy (13) 


where qm~=const. This expression, as verified experimentally, approximates sufficiently 
accurately the dependence G(V) in a small vicinity (AV < 0.1 Vg) of the working point Vo. 
In amplifying circuits the dependence of G on V causes the gain to become a function of 
the bias voltage and of the ac signal amplitude, i.e., K= f(V+ A), where A is the amplitude 
of the alternating signal, V = Vg + 6V — the constant bias, and 6V — fluctuation of the power 
supply voltage. 
The relative change in the gain can be determined in the following fashion 


AK AA ++ A) 
YW = a 1 ~: ; 
" inso 1 (14) 
where Kingg = 1/(1 - RpGo )2 — value of the insertion gain at A> 0 and V= Vo. 
According to (2), the expression for King(V +A) can be represented as follows: 
Pe unre eee (15) 
bee,” Remicade 


where Ge¢ is the effective transfer conductance of the characteristic at the operating point, 


averaged over the cycle. 
The value of Geg can be obtained from energy considerations. The mean energy delivered 


by the tunnel diode during one cycle to the load should be equal to the mean energy delivered to 
the effective conductance Ger during the same time interval: 
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where 9 =wt; B=5V/A; AV=Acosg + OV. 


Substituting (16) in (15) we obtain an expression for King, which in general will not coin- 
cide with the value of the gain obtained from the linear theory. hath 2 

One must note two particular cases, which can be encountered with equal probability in 
practice. The first corresponds to an amplification mode in which the amplitude of the alter- 
nating signal A at the diode is much less than the fluctuations 6V, due to the instability of the 
power supply. Then 8 < 1 and the expression for Ges assumes the form 


Gop = Gy (1-7). (17) 


Using (14), (15), and (17) we obtain for the relative change in the gain 
4 
3 Sa 
(1 Bae Riad Vries 


Ny = 1— 


For typical values of the parameters (Vg - Vj = 50 my, RpGo ~1) and A< 5 my, 
/ King < 102 the second term in the parentheses proves to be less than unity, and the last 
expression simplifies to 


3 A arpa 
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from which it follows that for given values of 1, the amplitudes of the signals Ay and Ag, for 
two amplifiers with gains Kjngg 1 and Kingo2, are connected by 


Ay ifso2 Rp» 
A, ifso1 Aor 


Thus, the nonlinearity of the volt-ampere characteristic imposes essential limitations on 
the permissible signal amplitude. In amplifiers using germanium tunnel diodes, even when 
the gain is one the order of 25 db, the maximum signal amplitude on the diode must not exceed 
an order of 2 mv. Since usually the load is connected in parallel to the tunnel diode and its 
resistance is approximately equal to the differential resistance of the diode at the operating 
point, the maximum value of the signal power delivered to the load is approximately P=A2/R, 
If A~ 2 mv, then P~ 4-1076/R watts. 

It follows therefore that, from the point of view of increasing the output power, it is ad- 
vantageous to use tunnel diodes with small values of P. The use of such diodes, however, 
entails additional difficulties, connected with the reduction in the ohmic loss in the wires, 
reduction of the internal resistance of the power supply, and suppression of parasitic oscilla- 
tion. Therefore for germanium tunnel diodes, in which |R| = 10 - 150 ohms, the output power 
usually does not exceed one microwatt. If we neglect the nonlinear distortion and assume that 
the possible peak to peak oscillations in the tunnel diode is given by the quantity Vo - V1 (see 
Fig. 12a), we can write for an estimate of the maximum output power of germanium tunnel 
diodes the following approximate relation [30]: 


_ 1072 
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The second particular case corresponds to a system intended for the amplification of very 
weak signals, when the amplitude A of the oscillations is much less than the fluctuations of the 
bias voltage 6V. In this case 8 > 1 and according to (16) we have 


1596 


Cop = Gy — 0 (OV) 


Then the relative change in the gain, connected only with the instability of the power 
supply, will be 


Ye to 
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The last equation enables us to calculate ie ; : Pam i RE) 
the permissible relative change in power volt- oF (ie 
age np for a specified coefficient Na- Fig. 13. Dependence of the 
Fig. 13 shows the variation of 1p with instability coefficient of the 
Na, Plotted for two values Kjngg = 100 and amplifier 1, on the insta- 
Kinso = 900, under the assumption that RpGo = bility coefficient of the power 
= 1 and Vj/Vo ~ 5/8. supply nR- 


As follows from Fig. 13, the requirements imposed on the stability of the power sources 
are quite high. This circumstance may be very important in the construction of stable ampli- 
fiers with high gain. 


Temperature dependence of the gain 


When speaking of stability of amplifiers, we must discuss in particular the temperature 
dependence of the parameters of tunnel diodes, which determines to a greater degree the 
reliability of operation of the entire circuit as a whole. 

In spite of the fact that the tunnel effect in narrow p-n junctions is observed over a wide 
range of temperatures (from -269 to 260 or ee [6], the variation of the parameters of real 
diodes is quite significant even in the interval +50°C. Theoretical and experimental re- 
searches, devoted to the temperature dependence of tunnel diodes, carried out by various 
authors [21, 28], show that the most affected is the excess current, which determines the 
form of the characteristic in the region of the minimum. Less strongly varying is the maxi- 
mum current. In this case the direction of its change depends to a very great degree on the 
type of the semiconductor and on the degree of doping [22, 28, 29]. This complicated charac- 
ter of the temperature dependence is connected with a large number of physical parameters 
(position of the Fermi level, width of the forbidden band, effective mass, etc.), which vary 
differently with the temperature, depending on the type of material and the concentration of 
the impurity added. The resultant process can therefore have temperature coefficients of 
either sign. Usually germanium diodes doped with indium, gallium, and arsenic with specific 
resistivity on the order of 6 X 10~* ohm-cm, display a decrease in Iyax and an increase in 
Imin With increasing temperature. Asa result, the modulus of the differential resistance 
increases with increasing temperature. ‘ . 

As shown in reference [19], devoted to an investigation of the temperature stability of an 
amplifier, the best effect is obtained by stabilizing the current at the operating point, and the 
worst is obtained by stabilizing the voltage. From the physical point of view this result can 
be explained by the fact that in an ideal tunnel diode (Ipjin = 9), the transfer conductance of 
the characteristic, on which the gain depends, is proportional, to the probability of tunneling 
through the junction. Inasmuch as the current through the junction is also proportional to the 
tunneling probability, by stabilizing the current at the operating point we can expect that we 
thereby stabilize also the gain. The correctness of stabilization of this type was qualitatively 
confirmed in experiments carried out by the authors. 

Figure 14 shows the experimental temperature dependence of the change in voltage Vo, 
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Fig. 14. Dependence of the 

position of the point of the 

inflection on the temperature 
for four tunnel diodes. 
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Fig. 15. Dependence of the 
modulus of the differential 


resistance on the temperature 
for three tunnel diodes. 


corresponding to the point with maximum transfer conductance. As can be seen from Fig. 14, 
the point of inflection on the volt-ampere characteristic shifts to the left towards the origin 
for all tested diodes. This tendency will take place also if the current stabilization of the oper- 
ating point is effected in the circuit. 

However, investigations of families of the temperature characteristics of tunnel diodes 
show that it is impossible to obtain sufficiently good results over a wide temperature interval 
by stabilizing the current at the operating point. This apparently is connected with the fact 
that in real diodes the form of the volt-ampere characteristic is very greatly influenced by 
the excess current, which has a different temperature coefficient [21] than the maximum cur- 
rent. The greater the range of variation of the temperature, the stronger the influence of the 
excess current, and the transfer conductance at the operating point begins to depend more 
strongly on the temperature. 

To illustrate the quantitative change of the modulus of the differential resistance with 
temperature, at the point of inflection of the characteristic Vg, Fig. 15 shows several experi- 
mental curves for germanium diodes with specific resistivity @ ~ 6-10-4 ohm-cm. Evena 
superficial study of the curves of Fig, 15 shows that temperature stabilization of tunnel-diode 
circuits is a rather pressing problem. 


3. NOISE PROPERTIES OF TUNNEL-DIODE AMPLIFIERS 


One of the most important characteristics of the tunnel-diode amplifier is the noise that 
it introduces. The sources of noise in tunnel-diode amplifiers are: 1) shot noise, due to the 
current flowing through the p-n junction, 2) low-frequency noise, due to leakage through the 
junction, the spectral density of which decreases as 1/f, 3) thermal noise in the loss resist- 
ance of the tunnel diode, 4) thermal noise in the load [30]. 

As shown in [30], the 1/f noise in good tunnel diodes is much less than the shot noise even 
at frequencies above 1 kc, and is therefore usually neglected in the calculation of the noise 
properties of tunnel-diode amplifiers. 

The equivalent noise circuit of a tunnel diode is 

“R shown in Fig. 16 [31, 32], where the following symbols 

are used: ey — noise voltage of the loss resistance r, 

igh — shot noise through the p-n junction. The mean- 
squared values of ey and igh are given by the expressions 

i 2 = AkT rAf, 

Fig. 16. Equivalent noise circuit 53 : , 
of tunnel diode. ish = 29 (1Tose > Tene) Af, 
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where k — Boltzmann's constant; T, — loss-resistance temperature; q — electron charge; 
Af — bandwidth; I..y — mean current due to the tunneling of the electrons from the conduc- 
tion band of n region into the p region; I,.g — mean current due to the tunneling of the 
valence electrons from the p region to the n region; y2 — "smoothing" coefficient [33]. 

The "smoothing" of the current Igsy is due to the greater probability of transition of the 
electrons from the conduction band of the n region into the p region. Only the current Igy 
can be smoothed, since the transition probability of the valence electrons from the p region 
is small. The coefficient y depends on the structure of the tunnel diode. 

It is shown in [23] that at sufficiently large biases V > Vj (see Fig. 12a) we have 
' Iy4¢e K Igy. In this case the resultant current through the tunnel diode, the value of which 
is Ig+y - lye = 19, practically coincides with the current Ip, and the mean square shot 
current is found to be i2,, = 2qy2 = 2qy 71g. 


An investigation of noise in germanium tunnel diodes at frequencies 0.5 and 100 mega- 
cycles [34] has shown that at a bias voltage greater than 4 kt/q the noise is determined 
essentially by the shot processes, and at lower voltages they approach the level of thermal 
noise. 

One of the quantitative characteristics of the noise properties of an amplifier is the noise 
factor, a quantity defined as the ratio of the noise power at the output of a real amplifier to 
the noise power at the output of an ideal amplifier, i.e., which does not add noise of its own, 
and which operates with the same signal generator. Using the equivalent noise circuit of the 
tunnel diode (see Fig. 16) we can calculate the noise factor of a specific amplifier. 

The calculations show that the noise factor of a broadband parallel amplifier (Fig. 5) at 
frequencies ™ K wg is determined by the expression 
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where Tj] and Tg, are the load and generator temperatures. 

If we neglect in (18) the noise in the loss resistance r, this expression agrees with the 
equation obtained in [35]. # 

It is easy to show that at small values of loss resistance r, the expression for the noise 
factor of a parallel resonant amplifier (Fig. 6) coincides with expression (18). Indeed, since 
at the resonant frequency the tank-circuit resistance is purely active, the equivalent circuit 
of the resonant amplifier will be analogous to the low-frequency circuit of a broadband ampli- 
fier. The only difference will be that in the resonant amplifier we have in parallel with the 
negative resistance of the tunnel diode, not only the load and generator resistances, but also 
the resonant circuit of the tank circuit. 

The expression for the noise factor of a resonant amplifier with r = 0 is given in [17]. 

It coincides with expression (18), except for the symbols. 

As can be seen from (18) and (19), the term T] Rj/TgRy can be greatly reduced by re- 
ducing the ratio R;/R] . If we take Rj/R] « 1, it follows from (6a) and (7) with sufficiently 
large gains at the frequencies w K wq, that Rj= R. In this case, inasmuch asr «R 
always, we obtain 


seh tt qioR 
Fol To. (20) 
g 
For a resonant amplifier, inasmuch as wy can be close tow q in accordance with (7), we 


obtain for Kjntp > 1 


Hence, under the assumptions made above 


i qlo R 
Peed + yay 
i ah Oq | 


Thus, when wy 7 wd, the noise factor of the resonant amplifier increases without limit. 
The same result was obtained in [31, 32]. 
In a broadband amplifier the condition < Ris always satisfied. Therefore the noise 
factor remains a bounded quantity in this case at all frequencies. 
For a series resonant amplifier we can show that its noise factor in this case of suffi- 
ciently large gain is given by the expression 
ELS he ak Rp ceurtyeger Ts 
ig Bla oe i (1 +a) R+ sg 
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Rye (21) 
Unlike (18), the noise factor for the series circuit increases with decreasing ratio R,/Ryz ; 


If we take Rj/R; « 1, then at frequencies w «K wq we get Rj~ R, and we obtain for the noise 
factor at low frequencies 


q] oR 
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Under the assumptions made, as follows from a comparison of (20) with (22), the expres- 
sions for the series and parallel circuits are the same. 

In the general case, for the series circuit, as can be seen from expression (12), the fol- 
lowing equation is valid for large gain 
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If R,/R] >> 1, we can neglect in this last expression the load resistance Rj. If the resultant 
value of Rj substituted in (21), the expression for the noise factor coincides with the expres- 
sion given in [32]. It follows from the last relations that the noise factor increases sharply 
in a series resonant amplifier at frequencies close to the limiting value. 

The noise factor is not a sufficient criterion for the applicability of an amplifier stage, 
since it does not characterize its amplification properties. Therefore for a more complete 
description of the amplifier one frequently introduces the quantity M, defined in the following 
fashion [37, 40]: 
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where K — gain of the stage. The last relation shows that the amplifier should be so designed 
as to make M minimal. 


Using (20) and (5) we obtain for a parallel broad band amplifier with Ri/Rj<"1 
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At the frequencies w > 1/RC the quantity M increases without limit. This shows that the use 
of the stage of frequencies close to limiting is meaningless in practice. 
Under the same assumptions (Rj/R; << 1 and Kingg >> 1) we obtain for the parallel 
resonant amplifier 
ee qloR 
orp | ee 
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from which it follows that M~ » when wy ~wq. Therefore the resonant amplifier also is 
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useless at frequencies close to the limiting frequency of the tunnel diode. 

In all the approximations given above, the term characterizing the shot noise is propor- 
tional to the product IpR. The value of IgR depends on the choice of the operating point. 

A theoretical calculation of the bias voltage Vm at which the product I9R has a minimum 
value is given in [38, 39], from which follow purely qualitative conclusions regarding the form 
that the volt-ampere characteristic of the tunnel diode with the best noise properties should 
have. Experiments carried out by the authors show that the voltage Vj, is shifted to the right 
ee to Vo by 10-20 mv. The measurements were carried out for germanium tunnel 

iodes. 

At the point Vg the value of IpR is greater than the minimum value by approximately 5-10 
percent. Therefore if such an increase in the shot noise is not acceptable, the operating 
point must be chosen to the right of Vg. This yields a certain gain in the noise, but, as was 
shown earlier, it greatly deteriorates the linearity and stability of the amplifier. 

The minimum value of the noise factor of amplifiers with tunnel diodes is estimated to be 
2-3 db at room temperature. The better experimental samples of amplifiers have at present 
noise factors on the order of 2 db [41]. 


4. CONSTRUCTION OF TUNNEL-DIODE AMPLIFIERS 


The most obvious advantages of the tunnel diode above the presently known semiconductor 
and vacuum tube devices is the low energy consumption (10-3 — 10-4 watt), high frequency 
limit of amplification (~ 100 gigacycles), the possibility of producing miniaturized apparatus, 
and the relatively low noise level. 

Unfortunately the first advantage involving the low energy consumption, can at the present 
time still not be utilized, since to produce a fixed bias one usually employs standard cells 
with voltage 1.5 - 2.2 v and the excess voltage is consumed in the ballast resistor. 

As a result, the power drawn from the power supply is as a rule greater than or equal to 
the power necessary to feed analogous transistor circuits. 

Since from the point of view of the dimensions the tunnel-diode circuits do not have 
noticeable advantages over transistor circuits, one can say that at frequencies up to about 
100 megacycles, where modern transistors have sufficiently good amplification properties, 
the use of tunnel-diode circuits is hardly justified. Another fact in favor of this conclusion 
is that cascade connection of tunnel-diode amplifiers involves a directivity problem, the 
solution of which entails great difficulties in the indicated frequency band. On the other hand, 
the construction of multi-stage transistor amplifiers at frequencies up to 108 cps does not 
cause serious difficulties. 4 

Perhaps the only advantage of tunnel-diode amplifiers in this frequency band is their 
lower noise level. 

At these frequencies it is also possible to use combined circuits in which tunnel diodes 
are used matching interstage elements in transistor amplifiers [42]. 

Thus, the use of tunnel-diode amplifiers is most promising in the UHF and the micro- 
wave bands, where their advantages are most clearly pronounced. 

The main difficulties arising in the construction of tunnel-diode amplifiers in the indi- 
cated frequency bands are connected essentially with questions of matching the differential 
resistance of the tunnel diode with the corresponding distribution systems. 

Fig. 17 shows a specific resonant amplifier [14] using a series circuit, operating at 100 
megacycles with a gain of 32 db. The amplifier employs a germanium diode with parameters 
C = 5 micromicrofarad, R = 143 ohms, r= 2 ohms. All the values of the parameters of the 
circuit are uniquely determined by relations (1) and (12). The generator and the load are 
connected to the circuit with the aid of 50-ohm lines, matched at the terminals. The matching 
is a necessary condition for normal operation of the amplifier, for in this case no reactive 
parameters are introduced from the generator and load sides. The inductance Lj and the 
capacitance of the diode form a resonant circuit tuned to 100 megacycles. The inductance Lo 
acts as a choke, decoupling the fixed bias circuit from the amplifier circuit. Ballast resist- 
ances Rj and Rg are chosen such as to ensure on the tunnel diode a voltage drop of 125 milli- 
volts, which is essential to set the operating point. 

A typical construction of a resonant amplifier, described in [19] and made up into a 
parallel circuit and operating in the UHF band is shown in Fig. 18. The tunnel diode is con- 
nected in a strip-type cavity, from which the leads to the generator and the load are in the 
form of coaxial lines. The construction provides for a matching rod, so as to insure normal 
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Fig. 17. Diagram of series resonant Fig. 18. Construction of parallel type 
amplifier (f= 100 Mc). amplifier (f = 460 Mc). 


operation of the amplifier as the SWR in the antenna changes from 1 to 1.8 db. The resonator 
is tuned with the aid of a coaxial capacitor bar, connected in parallel to the tunnel diode. To 
reduce the reactive components of the inductance of the leads to the tunnel diode and to the 
power supply, a blocking capacitor of 1000 micromicrofarad is connected at the end of the 
central conductor. This amplifier operates in a range from 405 to 460 Mc with a gain of 15 
db, a noise factor of 5.5 db, and a bandwidth of 12 mc. The tunnel diode used in the circuit 
had the following parameters: C = 7 micromicrofarad, R= 100 ohms, r =1 ohm, and lead 
inductance 6 x 10-9 henry. The dimensions of the amplifiers together with power supply were 
48 x 29x16mm. The weight of the amplifier is on the order of 100 grams. 

Bientatee To broaden the bandwidth of tunnel-diode ampli- 
fiers frequently band filters are used instead of tuning 
the resonant circuit to a fixed frequency [43]. In this 
case it is possibie to increase appreciably the product 


Af/K. Amplifiers of this type are described in 
detail in [44]. Structurally the filter is made in the 
form of strip lines. The amplifier operates at 330 
mc, the insertion gain is 25 db, the bandwidth is 10 
me, and the calculated noise factor is 2.7. The 
parameters of the tunnel diode are: R= 133 ohms, 
C =5 micromicrofarad, r = 1 ohm, L = 1079 henry. 

As already noted, the main shortcoming of tunnel 
diodes is that they are non-directional. This makes 
it quite difficult to construct multi-stage amplifiers. 
These difficulties are overcome by two methods [15] 
extensively used in microwave technology. 

s ; ie The first calls for a circulator to be used in the 
Bigs12: get pieereme PUNTO Me circuit (Fig. 19). The signal from the generator is 

: fed to the amplifier through a ferrite coupler (circu- 
lator). The amplified signal is reflected to the circulator, which directs it only towards the 
load. Thus, the transmission of the amplified signal is only in one direction. The use of a 
circulator in the circuit reduces the noise factor and ensures sufficiently stable operation of 
several stages of tunnel-diode amplifiers. 

The practical circuit and the construction of the tunnel-diode amplifier with circulator 
are described in [45]. This amplifier operated at 4.5 gigacycles with a gain of 23 db, band- 
width 20 mc, effective noise temperature 1200°K (7 db), and maximum output power 1076 

The use of circulators is most advantageous in the centimeter band, where the dimen- 
sions can be sufficiently small. In the UHF band the dimensions of ferrite couplers may 
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prove to be excessively large and this, as a rule, limits their applicability at such frequencies. 


Another method permitting directional transmission of the signal is to use hybrid wave- 
guide junctions [41, 46]. A typical block diagram of an amplifier using such a junction is 
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shown in Fig. 20. The main element of this circuit is a hybrid ring, made in the form of a 
coaxial line or waveguide. As shown in Fig. 20, the generator, the load, and the two tunnel- 
diode amplifiers are connected to different points of the hybrid ring. 


Inasmuch as the length of the line between the 
second amplifier and the rings is one quarter of a 
wavelength greater than /, then in accordance with the 
designations of Fig. 20, the phase relationships in the 
circuit cause the signals reflected from the amplifiers 
to arrive at the generator in phase opposition and do 
_ not act on it. 

On the other hand, because of the same phase 
relations in the hybrid ring, these signals will add up 
at the load. Asa result, the amplifier will have di- 
rectivity. Unlike circuits with circulators, amplifiers 
using the hybrid circuit are quite sensitive to a mis- 
match in the load and generator circuits. Therefore 
for them to operate stably it is necessary as a rule to 
use additional matching elements. 
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Fig. 20. Block diagram of 
amplifier with hybrid ring 
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Theoretical and experimental investigations of 
the amplifier with hybrid junction are described in 
[41]. The amplifier operated stably in the frequency i 
band 210 to 625 me with a gain of 8.2 + 0.6 db. The 
noise factor at 350 mc was 0.93 + 0.4 db. Normal 
operation of the amplifier was not disturbed at a 
SWR < 2 db at the input and < 1.05 at the output. 

The loss of gain in the hybrid junction between the 
generator and the amplifiers was 3 db. A tunnel 
diode j56z was used in the amplifier (Imax = 11.1 ma, 
R=115 ohms, fg = 2.1 gigacycles). 

From the point of view of maximum amplified frequency, 
which can be obtained with modern tunnel diodes, great interest 
attaches to reference [47], which reports results of an investiga- 
tion of several amplifier circuits using gallium-arsenide tunnel 
diodes. 

The tested diode was placed in the center of a cylindrical 
cavity, which was a hae in cross section (Fig. 21). The reso- 
nator operated in reflection and therefore had only a single input 
in the form of a coupling loop, through which the signal was fed 
from the generator and the amplified reflected signal was fed to 
The separation between the input signal and the output signal was with the aid of the 
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Fig. 21. Construction of micro- 
wave amplifier with cylindrical 
cavity and circulator 


the load. 
circulator. 
The circuit of Fig. 21 [47] was used to investigate amplifiers operating at frequencies 


6.8, 9.7, 10.8, and 25.8 gigacycles. The main results of the measurements are listed in the 
table. With the aid of a matching screw, which regulated the position of the coupling loop in 
the resonator, it was possible to vary the gain from 5 to 38 db. The bandwidth accordingly 
decreased in this case. The amplifier, operating at 10.8 gigacycles, had a bandwidth on the 
order of 300 mc at K= 5 db and 8 mc at K = 28 db. 

The tested diodes were made of gallium-arsenide with specific resistivity p= 15+ D0Gt 
ohm-centimeters. The value of Imax ranged from 0.5 to one milliampere, and the ratio 
Lnaxinmuwas.= 3. 

In addition to the amplifier circuits considered above, great interest attaches also to 
distribution systems, which were theoretically examined in reference [15]. 

Fig. 22a shows one possible model of a distributed tunnel diode, in the form of a strip 
line, with which it is possible to realize a traveling wave amplifier. As shown by prelimi- 
nary calculations, such an amplifier will have a sufficiently high frequency limit and a large 
wave resistance only at a very low width (W) of the tunnel diode (see Fig. 22). 

One must therefore regard as the more promising the distributed-amplifier model, shown 
in Fig. 22b, where structurally the p-n junction is made in the form of a "knife-edge'"' contact, 
located in the middle of a strip line. As shown by preliminary analysis, the fundamental 
energy in such an amplifier will be concentrated in the central part of the line, where the p-n 
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junction is located. Therefore it is possible to connect 
the constant bias source without special precautions on 
any edge of the line, as shown in Fig. 22b. 


Fig. 22. Model of distributed amplifier using a tunnel 
diode: 
a — tunnel diode with flat contact; 
b — tunnel diode with knife-edge contact. 


In addition to the difficulties of technological charac- 
ter, connected with the preparation of complex p-n tunnel 
junctions, in the development of distributed amplifiers 
using tunnel diodes the serious problem arises of sta- 
bility of such systems, this problem being directly con- 
nected with the conditions of matching over a wide 
frequency range. 

The authors are deeply grateful to V.V. Migulin for 
many valuable hints and remarks. 
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SEQUENTIAL METHODS OF CORRECTING SINGLE 
AND MULTIPLE CLOSELY-SPACED ERRORS 


IN GROUP CODES 


A.N. Radchenko and E.T. Mironchikov 


\ 


A method is proposed of constructing simple sequential devices for the correction of 
several closely-spaced errors in one class of group codes. The method consists of having the 
controlled code word pass through two parallel delay lines. One line, which has logical feed- 
back, passes only the random noise pulses. The other line serves for time matching. Its 
output is connected to the output of the first delay line by means of a non-coincidence circuit, 
which restores the distorted pulses of the code word. Examples of corrector circuits for the 
correction of errors are given. 


Natural, industrial, and other noise generated by a single source are as a rule corre- 
lated. Usually their action results in distortion of a group of closely-spaced symbols of the 
code work. The distortion of several symbols that are far from each other is much less 
probable. Such noise includes, for example, thunderstorm discharge, fading in radio recep- 
tion, etc. We shall henceforth assume that multiple errors do not go beyond the limits of a 
comparatively small arbitrarily situated portion of the code word. 

By way of coding and decoding units we employ circuits made up of shift registers and 
logical feedback. The first to propose the use of shift registers with linear feedback for 
correction of errors in codes was Huffman [1]. He pointed out the possibility of using such 
circuits for the correction of single and several double errors. However the possibility of 
correcting grouped errors and a large number of independent errors were not investigated, 
nor were circuit solutions proposed. 

We consider below a method of correcting grouped errors in binary codes and propose a 
method for the synthesis of units that correct errors in binary codes. In addition, we present 
an analysis of such devices. 

Let us consider certain properties of shift registers with logical feedback. The diagram 
of such a register is shown in Fig. 1. The letters D denote the cells of the register. In the 
simplest case they can be represented by single delay lines. The logical feedback consists of 
two branches. The first is a linear function which can be realized with the aid of non-corre- 
spondence circuits, denoted by the symbol © (modulo-2 adders). A block of such circuits 
serves as a parity indicator. The output circuit of the parity indicator is excited if an odd 
number of input circuits is excited. Huffman [2] proposed a mathematical formalism, suitable 
for the designation and transformation of linear circuits with shifting registers and modulo-2 
adders, and determined many properties of such circuits. The second feedback branch is 
represented by a non-linear function feed, which is specified in Boolean form [3]. 

Let us consider first the action of the linear part of the circuit, for which we assume that 
the initial state of the register is 000. If we apply a pulse to the input of the circuit, then it 
will pass through the parity indicator into the shift register. At the instant of passage through 
the taps k, 7, and m of the shift register, the pulse will again act on the parity indicator. As 
a result a periodic sequence of the code ring 


X... 11101001110100... 
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will appear in the shift register. All the three-part code combinations, except 000, are rep- 
resented in this code ring. 

Let us consider now a nonlinear circuit @, set for one of these combinations. 
Depending on the form of the combination, we can obtain an output pulse Y, which lags the 
input pulse by any number of steps, but by not more than the period of the ring. To obtain 
maximum delay it is necessary to select the last combination of the code ring. In the specific 
case (Fig. 1) this combination is 100, and consequently, in the language of circuit theory, 


o= abc. The output signal Y is applied through the diode B to the parity indicator and con- 
verts the circuit to the state 000 in place of 100. Thus, the periodic sequence X will termi- 
nate and the register will return to its stationary state (000). We note that with the aid of the 
circuits considered one can create economical delay lines. For example, with a 10 micro- 
second delay line it is possible to obtain delays up to 1023 microseconds. 

It is possible to transmit with delay not only single pulses, but also pulses that follow 
each other (doubled). For such an expansion of the capabilities of the circuit we use the 
property of maximal code rings, which consists in the fact that the modulo-2 sum of two 
identical rings in different phases (i.e., shifts relative to each other) yields the same code 
ring [2]. 

Because of the linear properties of the shift registers, the action of the doubled pulses 
can be regarded as the action of two independent pulses, and the result can be considered as 
the sum of code rings, generated by these pulses. For the case under consideration we have 


_ Z,...010000000...  X,...011101001110100... 
® z,...001000000... © X,...001110100111010... 


Apetet LO00C000 aa, ands. . 010011101001 710 


It follows therefore that for maximum delay of the first of the doubled pulses it is neces- 
sary to separate from the code ring the combination 110, i.e., @ = abc. The corresponding 
circuit is shown in Fig. 2a. When a single pulse is applied to the input, this circuit behaves 
like the circuit of Fig. 1. The difference lies only in that the selector ~1 is connected to the 
input via an AND circuit. The latter is controlled by a binary scale, which controls the parity 
of the input signal. If a single pulse is applied to the input, the scale turns on the selector 
1; if the pulse is doubled, @o is connected. When doubled pulses are applied to the input, 
code ring X1. 2 is duplicated until the combination of the code ring 110 is selected. The signal 
from selector (2 is applied to the input Y and simultaneously will act through the diode B on 
the block of adders in modulo-2. As a result, instead of the next combination 101, the combi- 
nation 100 will appear on the register. Simultaneously the pulse from Y will enter the scale, 
and this will cause Y to switch over to selector yj. Since the register contains at that instant 
the combination 100, the second delayed pulse will immediately be delivered. Thus, the cir- 
cuit can pass both single and doubled pulses. Circuits of this type will be called selective 
delay lines (SDL), and the totality of the pulse combinations passed by such systems will be 
called the transmission characteristic of the SDL. ea AE 

It is possible in principle to replace the scale by a shift-register cell and combine it with 
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ara ea | 
the main register, thus obtaining a circuit having the same transmission characteristic. Such . 
a circuit is shown in Fig. 2b. When a single pulse is applied to this circuit, a code ring of 
four-part codes is excited in it. 


Pel OL LOOOTONTLOOOR rs 
and when doubled pulses are applied to the input, the circuit produces the code ring 
...11101001110100... 


Thus, a single pulse and doubled pulses produce in this circuit different particular code 
rings [3]. This relieves us of the need for auxiliary commutation of the selectors, thereby 
greatly simplifying the circuit. Such a circuit becomes outwardly similar (see Fig. 2b) to 
the circuit of Fig. 1, but unlike the latter it distinguishes a single input pulse from a doubled 
one and accordingly reproduces them with a delay of seven steps. This leads to a simple 
method of increasing the number of combinations transmitted by the selective delay line: 
Each combination which should be delayed by n steps, should excite in the circuit its own 
particular code ring of length n symbols. 

To determine the cyclic properties of shift registers with feedback, we can use the 
methods of the theory of finite fields [4]. For this purpose, the linear part of the circuit is 
described by a polynomial of the algebraic delay operator D with coefficients from the field 
of modulo-2 residues. Thus, the linear part of the circuit shown in Fig. 2b can be described 
by the polynomial F(D) = 1@D?@D*@D*. This notation indicates that the output signals from 
the second, third, and fourth cells of the shift register are added in modulo-2 and are written 
in the first cell. The polynomial F(D) can be resolved into factors that are irreducible in the 


field of residues in modulo 2. The cyclic properties of the irreducible factor of degree kj 
are written in the form of the sum 


(1+ we Gade (1) 


where nj — length of the code ring, corresponding to the i-th factor; pj = (oki - 1)/nj — num- 
ber of code rings of length nj at the i-th factor; 1 indicates a cycle consisting of zeros only. 

The cyclic properties of the shift register with feedback, described by a reducible poly- 
nomial, are determined by the product of the formal sums in the form (1), corresponding to 
the irreducible factor [4]. Let us illustrate in greater detail the design of selective delay 
lines using as an example a 15-step delay line, from which we require the transmission of 
the following pulse combinations: 100, 110, 101, 111. The sum sought should have four 


Fig. 3. Diagram of selective delay line with logical feed- 
back for a group of arbitrarily located pulses (delay by 15 


steps). 
| code rings, each 15 symbols in length, and to each of the 
x | Output foregoing combinations there should correspond its own 
Y=ab6 * code ring. Considering the expansion D191 into factors 


irreducible in the field of modulo-2 residues: 
D> Ol=(DOD OID OVE I(DOPSDPOaDO1)x 
x(DPODO1I(D@ 14), (2) 


we can note that the sought polynomial will consist of two factors: 
FD =H+ORP@E6)V@C'OdOI)D=DOBDSaD SD @1. 
The cyclic properties of each factor are determined by the sums 
{1 + pa(m)} = {1 + 1 (15)}, (1 + po (me)} = (1 + 1 )R. 
The product of these sums yields the cyclic properties of the selected shift register with 
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feedback 


{4 ++ pi(ma)}{1 + pe (m2)} = {1 + wa (mi) + We (m2) + pips LCDI[m, ne] x 
x (SCM [ni, ne])} = {44+ 1(15) + 1(3) + 3(15)} = {4 + 1(8) 4+ 4(45)}, 


where LCD [nj, ng] is the greatest common divisor of the numbers nq and ng; SCM [nj, ng] is 
the lowest common multiple of the numbers nj and ng. The selected shift register with feed- 


back reproduces four 15-member code rings, and with respect to the specified pulse combi- 
_ nations, we have the following one-to-one correspondence: 


1) 100 — 110011100100900, 
2) 110 — 101010010110000, 
3) 101 — 111111011101000, 
4) 111 — 100110101111000. 


The underlined combination must be selected by means of the circuit 


A delay line circuit transmitting pulse combinations of length < 3 is shown in Fig. 3. 
Circuits that insure delay of different pulse combinations on a larger segment are analogously 
constructed. It is typical that during the process of reproduction of the delayed combination 
of the pulses, the nonlinear feedback causes every time a series of transitions from one ring 
to the other, if successively returning the circuit to the initial state. These transitions, 
caused by the output signals, duplicate the action of the input signal, but cause a change in 
the code rings in a different sequence. In spite of the complexity of the description of the 
processes, the realizing circuits are quite simple and effective. 

The examined class of circuits has a very important property. It turns out that certain 
combinations of pulses are not at all transmitted by such circuits. For example, with respect 
to the circuit of Fig. 1, such properties are possessed by the following combinations: : 


0000000 0110100 41101000 1011100 

0001101 0111001 1100101 1010001 

0041010 0401110 1110010 1001011 

0010111 0400011 1111111 1001011. 
é 


The circuit of Fig. 2 does not transmit the eight combinations: 


0000000 1011100 
0010111 1001011 
0101110 1110010 
0111001 1100101. 


For the circuit of Fig. 3 one can list 512 such combinations. 

It is easy to verify directly that the foregoing combinations represent combinations of 
group codes with Hamming distance d = 3 and d = 4 for the first and second circuits respec- 
tively. Thus, each of the foregoing circuits is a special kind of blocking filter, tuned to 
combinations of a definite code. The number of combinations which are not transmitted by 
the selective delay lines is determined by the relation 


; In-st1 
erg 
where n is before the length of the particular code rings used to correct the errors; s is the 
greatest length of the transmitted pulse combination. 

No less important a feature of the selective delay line is that if the operation of the non- 
linear feedback is suitably operated, the circuit has superposition properties. In other 
words, the result of simultaneous action of two input pulse sequences (for example, a code 
word and a noise pulse) can be regarded as the sum of the results of two separately acting 
signals. Thus, if any group of pulses in the code combination is distorted by noise, then only 
the combination of the error pulses will appear at the output of the selective delay line. 
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For a code word, the selective delay line will as before be a blocking filter. 
The properties of the circuits considered can be used to correct errors in group codes. 

Fig. 4 shows such a device. It consists of two parts, a selective delay line (SDL) and an 
ordinary delay line (DL). The first line, having the logical structure considered above, 
passes only the noise pulses. The second line delays the entire code word. The delay time 
in these two lines is the same and equal to the length of the code word. The outputs of both 
parts are connected by a noncoincidence circuit (NC) (modulo-2 adder), and this makes it 
possible to correct errors in code words. 
Input _r< The superposition property is characteristic of 

Pe CSDL NC linear circuits only. In the case considered it is ob- 

& DL ~# Output tained artificially by suppressing the action of the non- 
linear feedback element during the time of joint process- 
ing of the signal and the noise. The suppression is 
realized by a suppression circuit, which turns off the 
selective circuit during the time of code reception. By way of example, Fig. 5 shows a more 
detailed circuit, which corrects single errors in a 127-term code. Here the code word pro- 
ceeds from the output of the receiving unit (REC) and is inserted in the memory register 
(MR). It is simultaneously fed to a control register (CR), which comprises a selective delay 
line which performs the role of a blocking filter for this code. The control register consists 
of seven cells of unit delay with logical feedback of two modulo-2 adders. After receiving the 
code word, all the cells of the control register go to the zero state, if no errors occurred. 


| 
Rec = 


YZ) 


Fig. 4. Structural devices for 
correcting errors in a code. 


D 
‘000000 


Mr We 
A Output 


Fig. 5. Diagram of corrector for single pulses in a 127-term code. 


If one of the pulses of the code word prove to be distorted, the last combination on the cells 
of the control register determines uniquely the location of the error. During the time of 
reception of the code word, a signal picked off the output b of the receiver suppresses the 
action of the selector DEC (decoding of the end of the cycle). Therefore during the time of 
the succeeding operation of the code register, the selector DEC notes the end of the cycle and 
issues a signal to correct the error on the adder A. This signal will be simultaneously 
applied through diode Dj to the code register, which returns to the zero state. The diode Dg 
prevents the correction pulse from entering into the memory register. The feedback of the 
selective delay line is described by the formula 


Similarly, one constructs devices to correct closely-located or multiple errors. For 
this purpose it is necessary to choose a selective delay line having a transmission charac- 
teristic corresponding to the expected character of the errors. The concept used in this work 
is apparently simpler than the Hamming concept. This does not mean, naturally, that the 
differences are of principal character. It is always possible to show that the operation of a 
selective delay line can be reduced to Hamming tests for correspondence by a matrix of a 
special type. 

The symbols of the code sequence can be regarded as coefficients of a polynomial of the 
algebraic delay operator D. Then the question of the distortion of the code word reduces to 
the question of the divisibility of this polynomial by the polynomial of the coding converter. 
The polynomial in D corresponding to the undistorted code word is completely divisible by the 
polynomial of the coding converter. The polynomial corresponding to a distorted code word 
generates as a result of such a division an infinite periodic sequence of symbols of the code 
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Fig. 6. Converter of information intoa noise-immune code: a b 


} ei ese 
a — to obtain a seven-term code with correction of one ‘. 


error (information capacity 24); 


q Cc a 5) sah 
b — to obtain seven-term code with correction of one or leat cies en 
— 2 


two neighboring errors (information capacity 23); 

c — to obtain 15-term code with correction of errors of d 
the type X, XX, XOX, XXX on an arbitrary situated 
section (information capacity 29). 


ring, terminated only by the action of the nonlinear feedback. The action of the matter is 
equivalent to an artificial restoration of the divisibility of the polynomial by means of the 
formula 


N(D) © D” (N (D)) 
F (D) , (3) 


where n is the length of the code ring; N(D) corresponds to the combination of error pulses; 
D®(N(D)) corresponds to the combination of pulses formed in the nonlinear feedback circuit, 
i.e., the output combination of the selective delay line. It follows from (3) that the opera- 
tion of correcting the errors is delayed by n steps. An analysis of the processes occurring 
in the selective delay line upon correction of the errors will be made using as an example 
the line shown in Fig. 3. Its connection is shown in Figs. 4 and 5. We represent the trans- 
mitted code word 


Z = 110101011000111 
in the form of a polynomial in D: 
Z(D) =1@ DOPOD OD’ © D@ D® © D¥ @ D™. 


Assume that in the received code word the symbols distorted are in the seventh and ninth 
positions. Then the received sequence can be written 


Z' (D) =Z(D) ®N(D) =1@ DOD Od OD" @ D' @ D* @ D* @ D*, 


where N(D) corresponds to a combination of error pulses. The processes occurring in the 
selective delay line upon reception of a distorted code word are described by the relation 


_ Z2(D)@N(D)@ DN (D)) 
f(D) 


T (D) 


For the example considered here we have 


1@DODOD@ D’@ D? @ D2 @ D2 © D# ® D¥ (D6 ® D8) __ 
T(D)= 1@D@eD@ D? @ Dt ane 
=10D? OD? OD'@ D?® D” © DU @ D¥ © D* © D¥ © D”. 


Going again to binary sequences, we obtain 
T = 101101000111011'10 ,1000'00,. 


The selected combinations 101000 and 100000 correspond to two errors. Using this example 
we can trace the transition of the selective delay line from one code ring to the other and then 
to the zero position. 

The code words are formed also with the aid of a shift register with logical connections. 
The coding circuits for all the cases cited in this paper are shown in Fig. 6. 

Conclusions: 

1. By connecting the intermediate taps of the delay line to its input through logical 
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networks, we can increase the delay time (by reducing the number of pulse combinations 
transmitted by the line). 

2. From among the set of pulse combinations of length n we can separate two subsets: 
the combination of the first passes through the selective delay line without distortion; the 
combinations belonging to the second subset do not pass through the line at all. 

3. The selective properties of the selective delay line can be used to correct single and 
multiple errors in group codes. For this purpose it is necessary to employ delay lines whose 
transmission characteristic corresponds to the expected character of the errors. 

4, The group code consists of the totality of combinations which do not pass through the 
selective delay line. The polynomial characterizing this totality is the divisor of the poly- 
nomials corresponding to these combinations. Naturally, the effect of the coding converter 
reduces to a multiplication of a set of polynomials, characterizing the combinations made up 
of information symbols, by the polynomial of the coding converter. 

5. The resultant sequential corrector networks are much simpler than the known combi- 
national sequences. 
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TRANSFORMATION OF RANDOM SIGNALS 
IN NONLINEAR LINES 


S.A. Akhmanov and R.V. Khokhlov 


The problem of the passage of a weak signal with random amplitude and phase through a 
nonlinear line, excited simultaneously by a signal of finite amplitude, is investigated theo- 
retically. The one-dimensional laws of distribution of the amplitude and phase of the weak 
signal in various sections of the line are investigated in detail, with the frequencies of the 
finite-amplitude being close to double the frequency of the weak signal, and for small non- 
linearity. It is shown that the phase of the weak signal at the output can be located in only 
one of two rather narrow regions, the centers of which are a distance t apart. The condi- 
tions are derived under which the relative times of stay of the phase in these regions are 
determined exclusively by the statistical characteristics of the phase at the input of the line. 
The possibilities of using this circumstance for the design of a phase filter are discussed. 


INTRODUCTION 


Nonlinear waveguide systems, particularly systems with nonlinear reactive parameters, 
are acquiring an ever growing importance in radio. In the theoretical papers published to 
date, principal attention has been paid to problems connected with the propagation and inter- 
action of regular signals in nonlinear waveguide systems [1, 2]. 

Considerable interest is attached to analogous problems pertaining to random signals, 
signals with random amplitude or phase. The present paper is devoted to an analysis of the 
passage of a weak random signal through a nonlinear transmission line, excited simultan- 
eously by a regular signal of finite amplitude.* Jt is natural to expect that the action of the 
finite-amplitude signal can lead to an appreciable modification of the statistical characteris- 
tics of the amplitude and phase of the random signal; the latter may be of interest from the 
point of view of the problem of filtering signals. In the case of small nonlinearity and low 
losses, the equations that describe the amplitude and phase of the wave propagating through 
the nonlinear line are analogous to the abbreviated equations widely used in oscillation theory 
[3]. In the problem considered here, the equations for the amplitude and phase of the weak 
signal are essentially symbolic differential equations, since for the case of greatest interest, 
that of very weak signals, an account must be taken of the intrinsic thermal noise (fluctuation 
of external force), distributed along the line. In the present paper we analyze both the case 
when the interaction of the inherent noise of the line lead only to small fluctuations in the 
amplitude and phase of the propagating wave, and the case when large phase fluctuations 
become appreciable. 


1. DERIVATION OF FUNDAMENTAL EQUATIONS 


Let us consider a nonlinear transmission line, the equivalent circuit of an elementary 


cell which is shown in Fig. 1. 

The distributed capacitance and the distributed conductance of the line are functions of 
voltage, so that the connection between the running charge and the voltage are described by 
the Q(V) = CV + DvV2, and G = G F (V) where Fo(V) will be defined in detail below. We shall 
note for the time being that at small voltages the function Fo(V) is equal to unity (F0(0) = 1). 


*By finite amplitudes we mean amplitudes sufficient to cause noticeable nonlinear effects. 
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In parallel with the conductance G is connected a current generator I, which describes the 
thermal noises generated by the conductance G. The differential equations describing the 
current and the voltage in the line have the form 


av ar aa 2002 
ae aoe ap Ee ot EG, (1) 


The correlation function I(t, z) has the form [4] 


[oe) 


TG aT E+ 248) =A" 6 (8) |G (2) cos Qt dQ. (2) 


0 


In the integrand of (2) we use Gg in place of G, since an account of the line's own noise is of 
greatest importance in the case of weak signals. : 


Fig. 1. Equivalent circuit of elementary 
cell of nonlinear line. 
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It is convenient to change from the equations in (1) to a simple second-order equation. 
Eliminating the current I, we obtain 


av aQ oGV OL oem 
ies a Se ae ee OMT (3) 


Assume that the inputs to the line are a relatively weak signal with carrier frequency w and a 
signal of frequency 2w ("pumping") with slowly varying amplitude and phase, so that at the 
input (Z = 0) the voltage is given by 


V =V, (t) sin lwt + @ (4)] + Vpsin 20, (4) 


where Vo(t) and o(t) are slowly varying functions of the time. We note that the representa- 
tion of the voltage at Z = 0 in the form (4) does not exclude the possibility of analyzing cases 
in which the signal and pumping frequencies are not exact multiples. In these cases, the 
phase go(t) contains an additive term of the form Ajt, where Aj is the deviation of signal 
frequency from half the pumping frequency. 

Let the phase velocity in the line under consideration be weakly dependent on the fre- 
quency as the latter varies from zero to 2w, and let it change strongly as the frequency is 
further increased. Under these conditions only waves with frequencies not greater than 2w 
can effectively interact. 

We introduce new variables 


aber Zz 
Grit hae rd we (5) 


where u — phase velocity at the pumping frequency. Then if the forward waves predominate 
in this line, and the nonlinearity coefficient D and the conductivity G are small, we can repre- 
sent the solution of (3) in the form 


V=V(, &€), (6) 


where € is a small parameter; DV/C ~ € and Go/wC~e. Changing to the coordinates Cm 
in equation (3), taking into account the form of the solution (6), and neglecting quantities of 
second order in €, we obtain 


4 av 4 av ary OGV Hi’? 
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(+ n)]. (7) 


In the new variables, the correlation function of the random force has the form 
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Ft.mi¢, y= [Gs =O 4 —m) | x 


1% 
x | 2G, (2) cos “Bits + m —f — 0) ad. . 


Subject to boundary conditions (4), the general form of the solution (6) can be made more 
specific 


V =Vi (ef, en) sin D + V, sin 20n, (9) 
“ where 


D =o + @ (2, en). (10) 


Neglecting the reaction of the signal on the pumping wave, and also its attenuation, * we 
assume Vp = const. Substituting (9) in (7), neglecting terms of order € 2 and multiplying 
the equation thus obtained by cos 6 and sin @ and averaging its terms then over the period 
27/w, we can obtain the following abbreviated equations, which describe the behavior of the 
slowly-varying amplitude Vj and phase ¢: 

ee — pV,Vi cos 29 + 8 (Vi) Vi + Fi (t) = 0, (11a) 
= + 7 + BV, sin 2p + TFs (0, (11b) 
Here 
pa ime, pS w (Lu); 


\ F, (Vi sin ©) sin2@ d®. (12) 


0 


GyLu2 


oh (Way) = a 


The parameter y enables us to take into account the weak dispersion in the line in range 
0 —2w. The random forces F4(C) and Fo(f) are 


pee tie Meonlasleng Nae, 


"20 1 sin (oy 4 (13) 
It is convenient to represent oe 9 in the form 
Fy2= Pus + fie (G)s fie (c) = 0. (14) 


The mean values of the random forces, and also the statistic characteristics of the func- 
tions fj 9(€), can be determined by using the examples developed in the theory of fluctuations 
of self-oscillating systems [5, 6]. 


We have 
“R kit G o 1 a 
LO es CP aia Wand F,=0, 
iOhG) =0, AOhE) =hOhGd) =se Goo —b). (15) 


When representing the correlation functions in the right halves of the last equations in the form 
of 6-functions, we took it into account that the constant T/ BVp, which characterizes the inertia 
of the phase relative to the variable ©, is much greater than 1/2w, which characterizes the 
correlation interval of the functions f1,2. 


*The latter is possible if the dispersion of the conductance G is suitably chosen. 


1615 


Equations (11) must be solved under boundary conditions corresponding to (4): 
V=JV,(), @ = @ () when ¢= 1: (16) 


Equations (11) are nonlinear symbolic equations. In general they are quite difficult to 
solve. We therefore consider first the case of a 'noiseless"' line, when the external fluctua- 
tion forces Fj,9 are equal to zero. 


2. CHARACTERISTICS OF THE AMPLITUDE AND PHASE OF A WEAK SIGNAL 
IN A NOISELESS LINE 


In the absence of external forces, the equation (11b) for the phase can be solved inde- 
pendently of the equation for the amplitude; to the contrary, the character of the variation of 
the amplitude depends appreciably on the behavior of the phase. The character of the solution 
of the phase equation is determined by the ratio of the parameters BV, and y [7]. When 
ly| > BVp the phase is a periodic function of © — this corresponds to space beats in the line. 
When BVp > |y| the phase tends with increasing ¢ in aperiodic fashion to a value (gg, 


defined by the relations 


SIN 2 gg = ee, (17) 
COS 29 gg > 0. (18) 


The last case is of greatest interest, since the propagation of the signal along the line can 
be accompanied in this case by an exponential build up in the amplitude. We shall therefore 
confine ourselves to this case in the future. It follows from (17) and (18) that in the interval 
-™<o < 7m there exist two stable phases which shifted by 7m relative to each other. The 
choice of the particular stable state is determined, in the absence of external forces, ex- 
clusively by the boundary conditions. The regions of attraction of the stable states on the 
lines of the boundary phases are separated by the roots of the equation (17), in which 2p< 0. 
We shall call these regions, for brevity, regions I and I. 

The solution of the phase equation (11b) is particularly simple when the phase velocities 
of the pumping and signal waves are equal(y=0). For this case we have 


: yee , 
Garg! te Go (n)] = are tg le sh tf fo (¢ —=)|. a) 


te a} 


@ = arc tg [c"? 
If the condition 


Bl, cos2@s, >> 6 (0), (20) 


is satisfied, then at distances from the input 


Nena Ss (21) 


where the phase reaches a value close to the steady state, the amplitude begins to grow in 
accordance with the equation 


av ‘ : 
3E — BV,Vi cos 2¢ + 6 (0) Vi = O. (22) 


Solution of this equation has in the case y = 0 the form 


yp 2 
; Fi zi 5 Se Skies eens CIN EE 
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exp [BV — 6 (0)] ney (23) 


u 


In real conditions, naturally, an unlimited growth of the amplitude, as predicted by (23), 
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does not take place. The factors that limit the exponential growth of the amplitude may be 
either the reaction of the signal wave on the pumping wave (this case is considered in [3]), or 
the change in the phase velocity of the growing wave with increasing amplitude, as a result of 
which the synchronism between the phase velocities of the signal and pumping waves* is vio- 
lated, or finally nonlinear absorption. Let us consider this last case. For simplicity we can 
assume, for example, 


5(V,) = 8(0) [ + may (24) 


where Vp is a parameter that characterizes the level of "operation" of nonlinearity. By the 
same token we make the dependence of the conductance on the voltage G = GgF(V) specific. 
The steady-state amplitude Vg, is determined from the relation 


=) 


ie 
BV, cos 2¢-s5 = 8(0) E a3 a (25) 


Pp 3 


The results obtained enable us to analyze the passage of a signal with random-modulated 
amplitude and phase through our system. It is important to emphasize, first of all, that 
whereas the amplitude and phase of the random signal are random functions of a single vari- 
able — the time t — at the input, they are random functions of two variables, namely t and z, 
in the line, and the statistical characteristics relative to t may be quite different from those 
relative to z. We shall assume that Vo(t) and g9(t) are stationary random processes and 
that at z = 0 their one-dimensional distribution laws and correlation functions are specified. 
It is seen from (19) and (23) that the amplitude Vj and the phase are inhomogeneous random 
functions of z and stationary functions of t. The one-dimensional distribution function of the 
phase W,(~) can be readily calculated by the rule for the change of variables, if we know 
Wo(oo9). Thus, for example, when y = 0 and Wo(¢g) = 1/27 we have 


Earalee 
es 


a 88Vy—- : (26) 
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cos? @ Le “ sin @ 


It is easy to see that as z increases the function W,(~) becomes appreciably modified (see 
Fig. 2), and turns in the limit into two 6-like surges when ¢ = 0 andq@=7. The probabilities 
of establishing one of the two possible phases gg, will be determined exclusively by the 
probabilities of the initial phase @g entering into the attraction regions from I and Ul. 

The amplitude V;, like the phase, is a homogeneous random function of z; using (19) and 
(22) and specifying the specific form of Wo(Vo), we can calculate the statistical character- 
istics of Vj in any cross section z. It is easy to see that independently of the form of Wo(Vo), 
the one-dimensional distribution function of the amplitude V; tends as z ~ ~ to a 6-function 
near the steady-state value, as determined from (25). Fig. 3 shows by way of an example 
plots of the distribution functions Wz(V1/Vgs) for different values of the parameter 


r= 4[BV,,cos2yss— 6(0)] 2 ; in this case the (we assume a Rayleigh) one-dimensional distri- 


bution function for the amplitude at the input (z = 0) (see also [8]). 

Thus, in spite of the fact that the boundary amplitude and phase run through a continuous 
series of values, the phase of the output signal can assume only one of two dis- 
crete values, and the amplitude at the output, with suitable choice of nonlinearity, is in 
practice generally independent of the input amplitude. The foregoing means that in a non- 
linear waveguide system it is possible to create conditions under which the fluctuations of the 
input signal manifest themselves at the output only in a change in the probabilities of the rela- 
tive duration of the output signal in one of two stable states, characterized by regular ampli- 
tudes and phases, and differing only in the values of the steady-state phase, i.e., simultan- 
eously the system "processes" the signal along with amplifying it. 


*For a theoretical analysis of this limitation mechanism it is necessary to include higher 
order terms (at least third order) in the expression for Q(V). 
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Fig. 2. One-dimensional distribution functions of the 
phase for different 7 = 4BVpz/u for the case when the 
one-dimensional distribution law of the boundary phase 
is uniform. 
1—2=2;2—1=1;3 —1=0.5;4 —1 =0 
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Fig. 3. One-dimensional distribution functions of the 
amplitude for different values of r. The ratio Vgg /52= 
= 5; a Rayleigh one-dimensional distribution is assumed 
for the boundary amplitude (the only input is noise with 
distribution ¢ 2): 
1—r=0.01; 2—r=0.5; 3 —r=1;4 —r=2.5; 
5 — 1 = 10 


By measuring the relative durations of the output signal in the indicated stable states, we 
can obtain information on the distribution function of the output-signal phase, and therefore 
the waveguide system considered here can be used to construct a phase filter, in which a cri- 
terion for the presence of the signal is the change of the relative duration of the output phase 
in one of the possible states. For such a signal to operate effectively it is essential that the 
output state be determined exclusively by the boundary conditions; however, the internal noise 
of the line, generally speaking, also affects the statistics of the output states and leads in this 
manner to losses of information transmitted from the input. In the next section we shall con- 
sider this question in greater detail. 


3. STATISTICAL CHARACTERISTICS OF THE PHASE OF A WEAK SIGNAL IN A NOISY LINE 


From the point of view of the problem stated at the end of Section 2, the greatest interest 
is attached to an investigation of the abbreviated equation for the phase (11) with a random 
force. Actually, the fluctuations of the amplitude do not influence in principle the result ob- 
tained when the relative time of stay of the output signal in one of the stable states changes. 
The situation is different with the phase fluctuations. As can be seen from the structure of 
the phase equation (which is analogous essentially to the equation of motion of the Brownian 
particle in a potential field), the action of a fluctuation force can lead to the following: 
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1) ''smearing" of the phase trajectories, and particularly fluctuations of the phase near the 


steady-state value; 2) transition of the phases from region I to II and vice versa. Obviously, 
small fluctuations of the phase near dynamic phase trajectories and near steady-state values 
do not change in principle the idealized picture described in Section 2, inasmuch as the aver- 
aged phase trajectories are determined by the boundary conditions, and the fluctuating force 
leads only to a smearing of these trajectories. Account of the smearing can be readily made 
by breaking up the phase into a regular and fluctuating parts, linearizing the equation relative 
to the fluctuations, and using the formalism of correlation theory. On the other hand, tran- 
sitions of the phase from one region of attraction to the other play a principal role, for in this 
case the probability of finding the output phase in stable states will be determined not only by 
the boundary conditions but also by the intensity of the fluctuation force. The latter means 
that the processing of the signal in a noisy line is accompanied, generally speaking, by loss 
of information concerning the distribution function of the boundary phase. As a quantitative 
measure characterizing the loss of information, it is convenient to use the quantity 


Pia) = AGN cs 
= .0\= Fi) ra 
where 
Pro(2) = \ We(e)dp; Py2(0) = | Wo(@oago- (28) 


J,11 1,11 


In a noiseless line M=1. Ina noisy line the parameter M is a function of the coordinate z, 


the ratio of the square-mean amplitude at the input V vi to the intensity of the fluctuation 


force, etc. In the limiting case of a sufficiently intense random force, even at not very 
large z, we have Pj(z)+Po9(z) and M= 0, since, as would follow from most general consider- 
ations, the probabilities of finding the phase in stable states have a tendency to become equal- 
ized. The quantity M can be represented in the form 


RPO aE OS tO N 
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where N characterizes the equalization of the probabilities under the influence of the random 
force: N < AP(0). ad 

The entire process of propagation of the signal in this line can be broken up into two 
stages. In the first stage the phase trajectories contract to stable states. The amplitude 
over the extent of this stage is practically unchanged, remaining equal in order of magnitude 
to the amplitude at the input of the system. The second stage is characterized by an exponen- 
tial growth in the amplitude of the oscillations and an establishment of its stationary value. 

It follows from (11b) that the intensity of the random action on the phase, for a specified 
noise level in the line, is the greater, the smaller the amplitude of the signal Vj. This 
means that the probabilities of the transitions are maximal on the first stage, when the 
amplitude is approximately Vo. 

Let us confine ourselves to an estimate of the minimum amplitude of the input signal, for 
which the transitions are still sufficiently rare, so that the relative times of stay of the out- 
put phase in stationary states are determined essentially by the boundary conditions (M= 1). 
This is precisely the case of interest if the utmost capabilities of a waveguide phase filter 
are to be determined. To carry out the estimate we replace the amplitude Vq in the phase 
equation (11b) by its mean-squared value at the input Vg. Although such a substitution is 
valid to some degree only during the first stage of the establishment of the steady state, it is 
advantageous to examine the solution of the phase equation with constant value of Vj for a 
larger interval of the variable C. 

Thus, let us consider the equation 


aE +1 + BV psin 29 + 7, Fa (l) = 0. (29) 


This equation is symbolic, and describes the behavior of the random phase as a function of € 
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and of the parameters. Since the external force F9 is 6 -correlated, it is advantageous to 
change from (29) to an equation of the Einstein-Fokker type. This has the form 


OW 4 a _ 9, (30) 


where S is the probability flux through the cross section 


reer x kT Goo 1 OW 
S (¢) = — (¥ + BVpsin 29) W — Has 72 og" (31) 
It is convenient to bear in mind the analogy between the establishment of a stationary 
distribution of the probability of the phase and the motion of a Brownian particle in a potential 
field U, in the form ‘ 
1 


U (~) = 19 — = BVp cos 29. (32) 


At the first stage there is established a quasi-stationary distribution of the phase proba- 
bilities with two sharp maxima. The length of this stage can be estimated by disregarding 
the action of the fluctuation forces [see Formula (21)]. The most intense transitions in the 
first stage occur on the section adjacent to the input, where the probability of finding the 
phase in the vicinity of the boundary (separatrix) between regions I and I is still relatively 
large. In this portion, a small random jolt towards the boundary is sufficient to overcome 
the "potential barrier." 

At the same time, it is necessary to consider also the transitions of the phase from 
region I to II and back, when the one-dimensional phase distribution law already has pro- 
nounced maxima near the stable phases; the results of such an analysis enable us, in par- 
ticular, to estimate the requirement imposed on the length of the system. We note that 
problems of the latter type (such transitions, unlike transitions of the former type, can be 
called ''depth'' transitions) have already been considered in the literature [6, 10,11]. For 
specific estimates of the intensities of the transitions it is necessary to specify the expres- 
sion for the distribution function of the input phase Wo(@g). For the case when in addition to 
noise there exists at the input a weak signal 


Vs = A cos (wl + gp), (33) 


the one-dimensional distribution of the phase of the voltage, is a superposition of a signal and 
noise (with dispersion ¢2), has at low signal to noise ratios the form [9] 


We @s) Se Se cos (5 ). (34) 
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Let us estimate the intensity of the phase transitions. For simplicity we confine our 
selves to the case y = 0. 

At small random-force intensities, the transitions through the boundary of the attraction 
regions is from states close to this boundary: ©~ op =+ 1/2. Therefore in the vicinity of 
the boundary we can put in Eq. (30) 29 = “209; where 02=@ - p; So that positive ~g cor- 
ees to one region of attraction and negative ones to the other. Equation (29) thus assumes 
the form 


OQ> Z 5 = 
oe = ORV gs Fs Gy ='0. (35) 


Solving this equation subject to boundary conditions 


~ =o for € =n, (36) 


we can obtain 
G2 = (Po + Gr) exp(46r, +), (37) 
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where 
or Spy \ Tee Fe (B) a (38) 


The term ¢,. in (37) is due to the fluctuation forces and describes the perturbations of the 
phase trajectories passing near the boundary. From (38) we can readily obtain the main 
statistical characteristics of gy: 


= a Fe —86V, — 
Ps rin? Pou \ 
G, => 0, P+ = By; \t—« We (39) 


Approximating the distribution of g; by means of a normal distribution, we obtain 


Halwa it ———— exp( a ). (40) 


The probability of a phase with a value @q at the input entering into a "foreign" region of 
attraction is 


\ W (gr, 2) der. (41) 


Po 


At sufficiently large values of z, when z > : BVn this probability is 
p 


co 


a 
———— ev" dy, (42) 
V 2x ) 
B 
where A 
Vr 4 43 


Let us consider the case when the phase of the input signal is optimal, so that m1 in 
(33) is equal to zero. In this case the distribution of the input phase gq in the vicinity of the 
boundary can be represented in the form 


4 A 4 
Wo (Po) — on f 6 9 V 20 Po: (44) 
Then 
N 4 ( ( —7y8 aay PY 45 
Pay = 2 \ ody \ ee dy = BP. (45) 
14 9 
rary B 


A discussion of this relation is given below. 

The law of equalization of the probabilities of finding a phase in regions I and II for the 
case when the quasi-stationary distributions with two sharp maxima near the roots of equa- 
tions (17) and (18) have already been established, can be determined in the following fashion. 
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For a stationary distribution of the phase probability, the probability flux S; through the 
potential barrier from region I to region II and the flux S_ in the opposite direction, are equal 
to each other (dynamic equilibrium). The values of these fluxes in the case of small intensi- 
ties of the random forces and if | y{ << BV) are determined by the following relation (see [6]) 


it 4 
S2= 5 0Vpexp {aap} (46) 


where B is determined by formula (43). If the probabilities of finding the representative point 
in regions I and II, namely Pj\9 are not equal to each other, the process of their equalization 
is described by the equations 


ye, 1 
“E =55S_(P2—Pi) +58, (P2 — Pr), an 
"E = 5S_(P1 — Pa) + eh, (Pi 2). 


Equations (47) should be solved under the boundary conditions specified at the end of the first 
stage of phase establishment. Substituting in (47) the expressions for the fluxes (46) and 
recognizing that under the boundary conditions specified for fixed z the motion along ¢ is 
equivalent to motion along the coordinate z, we have 


aP, _ Vp sear cp, _ p,), 22s = Ve ae [Pa — Pall. (48) 


dz 2nu dz 2nu 


The length on which the equalization of the probabilities takes place is 


20u 


a ean, (49) 


Pp 


Thus, the length on which the depth transitions lead to equalization of the probabilties is 
considerably greater than the length on which the phase trajectories contract to the stable 
state when the condition 


1 
een, (50) 


is satisfied, i.e., when condition (50) is satisifed in a system of finite lengths, then the tran- 
sitions from the vicinity of one stable state through the potential barrier into the vicinity of 
the second stable state are quite rare. From (45) and (50) it is seen that the conditions for 
the smallest frequency of the transitions from the states close to the separatrix on the phase 
plane, and from states situated at the minima of the potential function (33), are expressed in 
terms of one and the same parameter B. At not too small B2, the roles of the transitions 
from states close to the separatrix and from stable states are comparable. The condition 


B<1 (51) 


enables us to estimate the requirements that must be imposed on the parameters of the wave 
guide system and on the amplitude of the weak signal to be able to produce a phase filter. 
Indeed, if condition (51) is fulfilled, it is possible to realize a nonlinear wave guide system 
of finite length, in which the statistics of the output phase are determined only by the bound- 
ary conditions. Condition (51) becomes particularly clear if we express it in the form 


{ Ve. Oe | 
Valea = ey 3 (0) = 52 
toe (ez) 
where 
ye 2 Linens 
Renae = rei kT. (53) 


It can ke readily shown that V2..erm is the mean square of the amplitude of the forward wave 
in the linear line, excited by its own noise, contained in a frequency band width ~2w. Thus, 
if the amplification condition BVp > 6(0) is satisfied with a margin of three or four times, the 


statistics of the boundary conditions play a decisive role even when V2 =~ V“iherin: 
CONCLUSION 


The results obtained show that the statistical characteristics of the amplitude and phase 
of a weak signal in an arbitrary cross section of a nonlinear line are determined in the gen- 
eral case by the statistics of the boundary conditions and by the action of the internal noise of 
the line, which accumulates with increasing distance. When condition (52) is satisfied, a de- 
cisive role is played by the statistics of the boundary conditions; in this case the relative 
times of stay of the output phase in two possible states are determined by the form of the 
distribution function of the input phase. Therefore a device that contains a nonlinear trans- 
mission line and a phase detector can continuously realize statistical sampling of the homo- 
geneous distribution function of the phase of the input signal. 

It must be noted that with the aid of equations (11) it is possible to analyze also the case 
when the signal frequency is not an exact multiple of the pumping frequency. If in this case 
condition (51) is satisfied, the output phase is determined here also exclusively by the bound- 
ary conditions and contains in addition to random transitions from the state I to state II and 
vice-versa, connected with the fluctuations of the input phase, also a periodic component with 
frequency Aj, equal to the deviation of the mean frequency of the weak signal from half the 
pumping frequency. 

The authors are sincerely grateful to S.M. Rytov for valuable advice made during an 
evaluation of the paper. The authors are also grateful to R. L. Stratonovich for useful dis- 
cussion of the material of Section 3. 
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SYNTHESIS OF INHOMOGENEOUS LINES ON THE BASIS 
OF AN INPUT IMPEDANCE SPECIFIED IN THE FORM 


OF A RATIONAL FRACTION OF THE FREQUENCY 
O.N. Litvinenko 


A method is developed for determining the law of variation of the wave resistance of an 
inhomogeneous line from a specified input resistance. The use of the method is illustrated 
with an example of a synthesis of an inhomogeneous line filter and a shaping line. 


INTRODUCTION 


By synthesis of an inhomogeneous line we shall mean the determination of the variation 
of the wave impedance of the line from a specified input resistance. In the general case (for 
arbitrary input impedance) this is an exceedingly complicated problem and has not yet been 
solved. In the present article we consider the problem of synthesizing inhomogeneous lines 
for input impedances in the form of a rational fraction functions of the frequency. Such a 
choice of input impedance is dictated essentially by two considerations: 1) the possibility of 
approximating the specified function by means of a rational-fraction with any degree of accu- 
racy within a limited frequency band; 2) the possibility of obtaining solutions in closed form. 

It must also be noted that in some cases it is desirable to specify the input impedance in 
the form of a rational fraction, for example, in the synthesis of inhomogeneous line filters. 

The question of the synthesis of inhomogeneous lines on the basis of the input impedance 
has been considered in the interesting paper by A.L. Fel'dshtein [1]. The results obtained 
by this author are valid for small values of the reflection coefficient, and essentially are 
qualitative in character. In the present article we develop a new method which is suitable 
for technical design. 


1. METHOD OF SYNTHESIZING INHOMOGENEOUS LINES 
FOR A GIVEN INPUT IMPEDANCE 


It is known that the processes in inhomogeneous lines are described by a system of equa- 
tions 


If we change from the variable x to a new variable T defined by 


x 


t=\VE WCW dy 


1) 
and denote the wave resistance of the line as a function of T by W(r), we obtain 


—-U' = pWH, = Te pe 


=o 
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‘(the prime denotes differentiation with respect to T). It is therefore easy to find the differ- 
ential equation for the input impedance of the line Z = U/I: 


7 ZL ; 
Z'—pt, + pW = 0. (1) 


Were we to know the dependence of the input impedance Z on T, the determination of the 
wave impedance from (1) would entail no difficulty whatever. The problem, however, con- 
sists of finding the law of variation of the wave impedance W(T) to fit a specified input im- 
pedance at a single point, say at the beginning of the line (when T = 0). The method which we 
shall use to solve this problem consists of the following. 

We denoted by Z,_4(T) and Wy_1(T) respectively the input and wave impedances of a 
certain original line. We assume that we know Z;,_, and Wx-y for any point of this line. 

By subjecting Z,_} to a linear-fraction transformation of the form 


5 fa;. (T ae a 
Ly 60 eh at ek, (2) 


we obtain the input impedance of a new line. In this expression a, is a constant, Pp, isa 
function of 7, and both ay, and op; are independent of p. 

It is easy to see that if Zk-1 is a rational-fraction function of p, then Z, is a rational- 
fraction function of p, and the degrees of the polynomials of the numerator and denominator 
will be greater by one in this case. 

Expression (2) enables us to classify the inhomogeneous lines by means of polynomials 
contained in the numerator and denominator of the expression for the input impedance. 

We shall include in the zero class the infinitely long homogeneous line. For the sake of 
simplicity we shall assume its wave impedance to be Wg = 1, and the input impedance is also 
Zo = 1 (and is independent of T). 

Putting k = 1 in (2), we obtain the input impedance of the line of the first class 


7 ay 
is ar ee (3) 


and when k = 2 


g) De p> Dy 
aie I = \ ae 


; po wealk hele oh (yr py 
Cee eae WALT @) 
{ +- p ( ic aps ae 


yoy " dyd2 Px 


which is the input impedance of the line of the second class, etc. 

Since on going from Zk-1 to Z_ we increase the number of independent parameters by 
two (9, and a,), we can always choose these parameters at T= 0, in such a way as to obtain 
the required input impedance. Consequently, a, and op, (0) can be regarded as known quanti- 
ties. 

To find the wave impedances of lines of different classes we substitute (2) in (1) and 
equate to zero the coefficients of like powers of p. As a result we obtain 


Wise a, (5) 


Wis 
=). (6) 


; Pk 
(Ofias ag ae eee 


It follows therefore that the wave impedance of a line of class n can be determined by solving 
a system of 2n equations of form (5) and (6) with k= 1, 2, ..., n. 
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From (5) and (6) we can eliminate 0},(T) and obtain one equation relating W),(7) with 
W,,.-1(7). In this case the variation of the wave impedance is determined by solving a system 
of n first-order equations (k=1, 2, ..., n). 

It is convenient to consider A}(T) =“ W,(T) in place of Wi(T). 

For Ak(T) we have the following equations: 


Ay Ap—y + ApAn—a + G4A — ax Ab = 0, 


2, (0) (7) 


Ax 0) = 4’ Ka E502, nay te; eee 


These equations solve our problem. 

Thus, in order to find the wave impedance of a line of class n, namely W,(T) for a speci- 
fied input impedance at one point, Zp(0), we must first calculate a, and ;,(0), and then de- 
termine Ay(T) from (7). The wave impedance is determined as 


WiC) A) 


The numbers a and p;(0) can be obtained by comparing the coefficients of like powers of 
p in the specified input impedance and in the line impedance Z,(0), expressed with the aid of 
formula (2) in terms of ak and px, (0). We recommend, however, the use of a different 
method, which is more effective, particularly at large n. 

Without giving the intermediate derivations, we cite the final results. 

If we regard Z,(0) as a function of p, it turns out that a, (k = 1, 2,..., n) are equal to 
those values of p, at which the even part of Z)(0) vanishes. Knowing ax, we obtain p},(0) 
from (2): 


p, (0) = Z, (0) [a (8) 


Example. Find the variation of the wave impedance of an inhomogeneous line whose input 
impedance at T=0 is 


r rs 1+ 10p + 4p? 
4Z2(P) = Tyee pO. P 


1. Separating the even part of Zo(p) we equate it to zero 


Nae TSS jae 


(0,5 Pe pe” 


From this we obtain P12 = 1= 41,2. 
2. From formula (8) we determine 


Po = Zo (a3) = (eh 


3. From formula (2) with k = 2 we determine 


Ki pewe 2s 
7, = 5 Pz ; ag 
1 Pe { p 
P2 42 
or 
7, 2g: Dae ee 1+ 2p 
SE kp opp: een i 


Hence pi = 21 (a4) = 2. 
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4. From (7) we get 
Aq (O)=— 2; Aa (0) = 4. 
5. We solve the system of equations 


Ania wen) 
Ail eA Ans Ap A 2 OF 


The integral of the first of these equations is 
A; (t) = cth (t + (1), 
where Cj is the integration constant, Cy = Arc coth A,(0)+0.55, 


One particular solution of the second equation is Aj = -1, and therefore we seek the gen- 
eral solution in the form 


CORE Wes hae (ee 


For w(t) we have a first-order linear differential equation which can always be inte- 
grated in closed form 


PR ACHO OS Gs) 
: ch (t + Cy) A th (t + C1) = (0) 
sey wee We ae Ca 2 ee Ce) 
» (x) PS WPA Gan er) ’ 


where Cg is the integration constant. 
Inasmuch as A9(0) = 4 we have (0) = 0.2. On the other hand 


sh 2C, — 2C5 


5 oh HOS 


Hence Co = 0.4. 
Substituting ~(T) into the expression for Ag(r) and recognizing that Wo(T) = AX(r), we 


obtain finally 


osha Oo) ae Oa) 2 
Ws (t) : es (t -- 0,55) — 2 («+ 0,4) | : 


It is appropriate to note that Wo(T) tends monotonically to unity as T~ ». We can there- 
fore always choose such T = T1 at which Wo(r 1) differs from unity by a certain specified 


value. If we break the line at the point t = 7; and connect a load resistance equal to unity, 
then the required input impedance Zo(p) is ensured with prescribed accuracy by a line of 
finite length, loaded by a pure resistance. 


2. EQUIVALENT CIRCUITS OF INHOMOGENEOUS LINES 


Assume that we know the impedance of a certain network, and we denote it by Z,k-1. We 
connect this network to the output of a symmetrical two-port network with a characteristic 
12 ‘ ; 
resistance of 9, anda transfer function g, = Ar th ae 2 Then the input impedance of the 


two-port network Z;, loaded by the impedance Z,-1, will be [2] 


Since the last expression does not differ at all from (2), it follows that the input imped- 
ance of'a line of class k is a result of the transfer of the input impedance of a line of class 
k-1 by means of a two-port network with characteristic resistance pk which is independent 


of the frequency, and a transfer function g, = Ar th 7 , which is independent of the coordi- 


nate T. 


Since a line of class zero is an infinitely long homogeneous line, the input impedance of 
an infinite line of class n can be determined from the circuit shown in Fig. 1. 

Let us construct now the equivalent circuit of an inhomogeneous line of class n, loaded 
by an impedance Zz. Let the delay time of the line be tg. When T = 0 we can, by using 
formula (2), separate n two-port networks, just as we did for infinitely long lines. 

When T =tg we have Zp(tg) = Z]. At the same time we have from (2) (k = n) 


Here Zy-j1(tg) is the load resistance of the line of class n-1. : 


© Pr ooo fe eos & coe 
Zn Homogeneous 

Sn ese Uh ose 4, exe 
Fig. 1. Diagram for determining the in- 


put impedance of an infinitely long line of 
class n. 


It is easy to see that Zy)-1(tg) is the result of transforming the impedance Zj by means 
of a symmetrical two-port with characteristic resistance py(tg) and a transfer function -g,. 


Continuing the process of separating the two-port networks further, we obtain ultimately 
the equivalent network shown in Fig. 2. 


Fig. 2. Equivalent circuit of inhomogeneous line 
of class n loaded by an impedance Z]. 


Each of the two-ports of Fig. 2 can be replaced by a lattice, T or Pi network. 


In partic- 
ular, for the lattice network (Fig. 3) we have 


, Pr [a , P,P 
ek eae Lak = ss (a; + J >); Liss —————s 
~ ve i i ne 5 2 


| 
| 
ae Se he Fig. 3. Replacement of a two-port with 
(esi parameters op, and g; by means of a lattice 
Au. I network, 


The equivalent circuit obtained for the inhomogeneous line enables us to take into account 
the influence of the load resistance Zj on the frequency characteristics of the network. 

Thus, in the synthesis of inhomogeneous line filters one usually specifies the frequency 
dependence of the absolute value of the reflection coefficient [(w). It can be shown [3] that 


Pees rica aes Da GL 
inet Vahel a (9) 


where Ij,¢ — modulus of coefficient of reflection at the input of an infinitely long line, and 
T 7 is the modulus of the coefficient of reflection at the end of a homogeneous line (Fig. 2). 

If Z7 = W,(tg) and tg is sufficiently large, then Tj =~ 9. Then = Typ, and formula (9) 
enables us to estimate the error resulting in this case. 


3. EXAMPLES 


The method proposed, in the author's opinion, is an important means of synthesizing 
networks with distributed parameters. One can already point out several regions, where the 
use of this method will lead to important results: 1) synthesis of shaping lines; 2) synthesis 
of line-filters with specified working attenuation chaacteristics; 3) synthesis of microwave 
oscillating systems; 4) synthesis of matching junctions; 5) synthesis of transforming lines. 

Since we cannot, naturally, discuss this in detail in this article, we shall consider only 
two very simple examples. 

Example 1. Determine the variation of the wave resistance of an inhomogeneous line, 
which produces in a load resistance Rj, shunted with a capacitance Cj, a pulse with the fol- 
lowing parameters: duration of pulse tp = 0.1 microsecond, duration of front tg = 0.02 micro- 
second, Load data: Rj = 500 ohms, Cz = 200 micromicrofarad. 

The ratio of the voltage across Z] to the charging voltage for the time interval 0 — to is 
determined by the expression 


alg EOE 
where 
7 Wo iL P 
2 Sees 
ae 1 : Ps p1 (0) ay 
Z, 7) ipa pRC : Z P, (0) Wo p 
1 (ale rea 
" py(O) ay 


In order for u(t) to vary exponentially (as when a homogeneous line is used) and for the 
pulse amplitudes to equal 0.5E, we put Wo = Rj and ay =1/p,(0)Cz7. Then 


ae | P 
1S ee: P 2R ; 
A — | Aas 
\, py (0) C, 


Hence 


es p} (0) C, 
225 (pe ere 
iy ee OS 7 


The last equation enables us to determine 
) R 
p, (0) = / 2tip at = 316 ohms 
1 


The law of variation of the wave resistance can be determined here from (7), or else 
from (5) and (6). Since we have assumed Wg = 1 in the derivation of (7), it is better to use 
equations (5) and (6). 

From (6) we get 

o, (x) = W, th a, (C; + 7). 
The integration constant is 


: { tO) : a, (0) r =10 
Cy = Arth 7 =p, (0) Cyc th on = 471 -10-™. 
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Calculating a, and substituting all the values in (5), we obtain 
Wi (t) = 500 th? (0.745 + 15.8-10° t); 0< 1+ << 0.05-10-%. 


Example 2. Above, in Section 1, we considered an example of a synthesis of an inhomo- 
geneous line for a specified input impedance. It is easy to check that the impedance Zo(p) 
considered there corresponds to the input impedance of a high-pass filter with maximally 
smooth characteristic of working attenuation. Actually, if we put for the internal resistance 
of the source R; = 16, then the reflection coefficient is 


aera he — 15 — 15 


r= 7%, ER, 17-2 20p-- 8p? 17 —8@?-= AYO’ 


and the square of the modulus of the reflection coefficient is 


Consequently, the introduced loss factor is 


ines stds 229 


| 
{== 


=a G4 (wR Lye? 
which confirms the statement made above. 
With the aid of lines of the second class we can obtain simpler band pass filters with 


maximally smooth characteristic. Putting in (4) aj = a2 =1 and 01 = pg =p, we get 


If we take Rj = 0°; then 


4-1. 0.25{p == = ieee: ts 


a w? + | 


The quantity » determines the maximum attenuation in the rejection band of the filter. 
The wave resistance of the line is determined by the method indicated above. 


CONCLUSION 


The procedure developed above makes it possible to synthesize inhomogeneous lines for 
an input impedance specified in the form of a rational-fraction function of the frequency. The 
method can be used for the synthesis of microwave circuits (filters, matching devices, oscil- 
lating systems) and for the synthesis of shaping and transforming lines. 

The author is deeply grateful to Ya.S. Itskhoki for much valuable advice offered during 
the discussion of this method. 
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BIHARMONIC OSCILLATIONS IN A SELF-OSCILLATOR 
WITH DELAY AT A NON-SYNCHRONOUS 


FREQUENCY RATIO 


P.A,. Perepelyatnik 


It is shown that at a certain delay in a self-oscillator with cubic approximation of non- 
linearity it is possible to generate simultaneously two frequencies, whereas for other values 
of the delay not one of the stationary modes is possible in the system. The resultant non- 
synchronous oscillation increases without limit, and the main oscillation is damped out. 


1. FUNDAMENTAL EQUATIONS 


It was shown in reference [1]* that a self-oscillating system in which the nonlinearity is 
approximated by an incomplete cubic polynomial in the form i, = $1 Ug - S3Uy° can be de- 
scribed by the equation 


UF ABE scene lig tO (Ope SiO LF a0), (1) 


where pj = 81R; w3 = S3R. 
When T < Tor3 the solution of eq. (1) in the form U = Xcos 2) is likewise not unique. 
A more general solution of (1) must be sought in the form 


C=) 4= >, Xi cos yi. (2) 


=1 iz 
We confine our analysis to the casen= 2. Then 
CG =2, + 2, = X, cos , + X_ 605 Yo. (3) 
To determine the stability limits of the single-frequency solution we first put Xo « Xj. 


Then, substituting (3) in (1) after harmonic linearization, discarding terms of higher-order 
of smallness and the combination frequencies, we obtain two equations 


ty te 28.01. O87 © DORON) te = 0. (4a) 
iy -!- 28s Sai INS (ie) iy == (), (4b) 
where 
A, == py — 2 Ws AA; 
Ky Sy = Sug X7 costs 


Equation (4a) has already been investigated [1]. We shall now analyze Eq. (4b). Itis a 
linear differential equation with variable coefficient and retarded argument. A solution of 


*The present article is a continuation of [1]. 
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this equation is facilitated by the fact that we seek the conditions under which non-synchronous 
oscillations set in. In this case we can expand the variable coefficient in a Fourier series and 
retain only the constant component. We obtain 


Ky (X,, 0) = py — aka 


Equation (4b) now has the form 
Hoe 20 tele Geta 20K (ha 0) eer: (5) 


The physical meaning of this operation is as follows. In the presence of oscillation x,, 
the operating point moves along the nonlinear characteristic with frequency w , and the 
instantaneous value of the transconductance varies in this case as S(t) = 8] - 383X42cos2y ; 
Since our system has a finite bandwidth, it will respond only to a change in the dc component 


of the transconductance Sg(Xj) = 8; — 2 S3Xe . The dc component, i.e., the time-averaged 


value of the transconductance, depends on the amplitude of the fundamental frequency oscilla- 
tions. With increase in this amplitude, the value of the transconductance first decreases, 
and then, after passing through zero, becomes negative and then again starts increasing in 
absolute value. 

A similar effect is sufficiently well known for the case when application of an external 
alternating voltage to an underexcited generator causes excitation of the natural-frequency 
oscillations, which are not in synchronism with the frequency of the external generator. In 
our case the role of the external source of alternating voltage is assumed by the generator 
itself. 

Applying the Laplace transformation to (5) we obtain, assuming zero initial conditions 


p? + 26p [1 + A. (Ay, 0) er] + o? = 0. (6) 
We see therefore that if |K,|> 1, then there is excited in the system, at certain values of 


T, a second oscillation which is not synchronous with the first. 
In the general case, when Xo is not small, we obtain in place of (4) 


¥, +264, + wpz, + 26K, (X,., Xo.) 4. = 0, 
Hy 4 deo + wir, + 26K, (Xy, Kor) Ho- = 0. (7) 
Here 
Ay == hs (Xi. a5 2X5); 
Ba =i = gigs nokeag 
X, = X in the case of stationary oscillations. 
Taking the Laplace transformation of (7) with zero initial conditions we obtain 
p>? =~ 20 ph eens Son — 0 (8a) 
p? -+ 26p (1 - Kye") — 075 = 0. (8b) 
Substituting p = jw, in (8a) and p= jw» in (8b) and equating the real and imaginary 
parts of the resultant expressions to zero, we obtain 
1 + K;cos@;t = 0, 
= ee? (9) 


0) — 0; + 26K;0; sine; = 0. 
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Expressions (9) can be written in different form: 


Wn O; = 1 / 72 
iat ico VK, 
(10) 
Wo O; 
tg ot = Q(— —), 


where Q = RwgC. 
After suitable transformation Eq. (10) can be represented as 


iW, = ee ead, (11a) 
Visi Ras 


vi. / ey 
t = = [aretg Q (2 male (ie 1) x]; pes Osh nD Gees (11b) 
We ah (12a) 
3 ‘ of Oi QW. \~ 
ear a) 
{ Gh aibit Acts £ it 
T= oy [arets Q| = aye nes 1) x; N= 5a 256 60 fee IM Se dl, (12b) 
| 0 . 
alr jar tg Gee = as 2mnat | 10 Na noe te Ika iI, (12c) 


In (11) we assume that Kj is always positive. In (12c) with m = 0 we take only those 
values of the frequencies, for which T is positive. 

As already indicated, non-synchronous oscillations cannot occur when |Ko| <1. We are 
therefore interested only in that region of the fundamental frequency w ,, for which |Kg| pa be 

If conditions (11) and (12) are simultaneously satisfied for some value of the delay time, 
then non-synchronous oscillations can exist in the system. 

We shall call that minimum value of the delay time, for which two non-synchronous 
oscillations can exist the fourth critical delay time (7 ¢y4). 


Using (11) and (12) we can find that in the case of Kg < -1 


_ 8 les) | (13) 


Tenor 
es | @2—1 | 


where ; =arctgQ re pes a ); i=1, 2. In the case Ky > 1 we have Ter4 = Tero: 


To determine the stability of the resultant non-synchronous oscillations we must make a 
special investigation. 


2. INVESTIGATION OF THE STABILITY OF NON-SYNCHRONOUS OSCILLATIONS 
We put 
Hy = (Kio + €s).008 (Vig 4+ 94); b= 1,2, (14) 
where &j and 6; are small, slowly varying functions of the time 
Expanding (14) in a Taylor series in the vicinity of Xjg and ~j0, we obtain for the princi- 
pal part of the increment 
dx; = CoS Win & — Xi sin pioli; i = 1, 2. (15) 
Using (15) and (7) we get 
d#, + 26dz, + wo dz; + 28d (Ki.%;:) = 0; i = 1, 2. (16) 
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Discarding terms of higher order of smallness, we obtain after suitable transformations 
from (16) 


—£iT, = §1 + Kz, cos @,t8,, — Koz €08 ©, 08, — Ky Sin ©; 5 X95 (0p — On), 


I 


== E57" £2 + Kez cos M2182, — Ky1z COS W.TE). — Ke Sin MTX yo (02 — O22), 


= CMe == 


(lhe | Were 
ree sin @,t&, — x, sin @,tKe,&. + (17) 


; I ; 
ess ra @,TKe)¢ §- + 6, + cos o,tK,0,., 


t 
X29 


1 
X20 


— O37. = 


Sin @T&, — Sin @.tK<.§- + 


ee ee . 
r Ty,, sin M@TK 1 §1; + 92 + COS WoTKy0o-. 
«Loo 4 


We choose here the notation 


9 eee 
Key = ta — Fibs (Xio + 3 X40); 


3 
Q 9 -92 2 72 
Kez = py — ZF Ha( X20 ate 3 Xin} 
Koz = 3pgXpoXop. 


Changing to the Laplace transform and being interested only in the stability, we can 
obtain from (17) the characteristic equation 


Qyy ate ny Ajo Qs 0 
2 incur o is (18) 
C31 C32 C33 +A 0 
din OYe 0 hie sho | 
Here 
ke K 
wy, 6L pt: a 21e va 
My = he eer OF er cgi 
Ss, ome 
aig = — Ky sin otXo (1 —e77); by, = ABE ee, 
2 
Key 
ios = 1 = es Co bey SS Ky sin Ost Xo (1 — e-P*): 
ba = Gj + Toads = 
Sera (L—Kge-P*); sy = xX, sin OTK: e—P?; 
- ws) a it , 5 
C33 = a — € Dee day = Y,, S12 Wot Ko,2e—P*: 
{ 20 
Ohio = Y Sil @,t (1 — Kz, e—?*). 
=S20 se ? 
OS = C33} aS pre 


It was shown in [1] that when. T> Le 3? the single-frequency self-oscillations are un- 
stable, since self modulation is produced: The self-modulation can be either hard, if suffi- 
ciently large disturbances are necessary, or soft. In this case the self modulation occurs 
spontaneously. 

From physical considerations it is quite obvious that in the case of two-frequency oscil- 
lations at large delays the oscillations will also be unstable. Therefore there is no need to 
investigate the characteristic equation (18) in the general case. We shall consider the possi- 


bility of simultaneous generation at pt ~ 0, when it is possible to put je P7| ~ 1. In this 
case the characteristic equation (18) simplifies to 
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A* (aq, + bag) + Ay 1)99 — Aygbo, = 0. (19) 


The non-synchronous oscillations will be stable if the following inequalities are simul- 
taneously satisfied 


5 b99 = Ayabo, > 0, eo) 


Ay, + Dog > 0. (21) 


If Ky 2 1 and Kp > 1, condition (20) is not satisfied, in agreement with the results of [2] 
‘ and [3]. Physically this means that the main oscillations, causing the non-synchronous oscil- 
lation, will be subsequently suppressed by the non-synchronous oscillation itself, and the 
system will change over to generate only one new frequency. 

If Kj 21 and Kg < 1, then the inequality (20) is fulfilled. In this case, for the non- 
synchronous oscillations to be stable it is necessary to satisfy the additional condition (21), 
which can be converted to the form 


SN ei 
| inane os ae (22) 
This still does not complete the analysis of the stability of the biharmonic oscillations. 


It is necessary to investigate in addition the possibility of occurrence of a third oscillation. 
Let us put 


U = 24,4 2% + 23 = X, cos; + X, cosy, + X5 cos ps, (23) 
with X3 « Xj and X9. Substituting (23) into the fundamental equation (1) we obtain after suit- 


able transformations the equations (7), which we have already investigated, and for the oscil- 
lation X3 we obtain the equation 


y+ 28ers -+ 2x5 + 28 [Wy — Byrg(22, + 22.)] ay- = 0. (24) 


Equation (24) is also a linear differential equation with variable coefficient and retarded 
argument. Since we are interested in the non-synchronous oscillations, we shall expand the 
variable coefficient in a double Fourier series and retain only the constant coefficient, there- 
by obtaining 


i 
5 + 26x53 + wrx + 28K (X1, Xo, 0) ay. = 0, (25) 
where 
Ay =p — Fos (Xi “= X3) 


Applying the Laplace transformation (25) and assuming zero initial conditons, we obtain 
p? + 26p (1 +- Kise?) + 2 = 0. (26) 


If |Kg| > 1, then oscillations at a third frequency can occur for a certain value of r. In other 
words, if for a given delay there is a frequency w3, located in an interval that includes w 1 
and w2, at which the following conditions are satisfied 


1 “ > 
c= [are tg Q (22-22) + 2ma] MxF Aiton.) 5 <6 ils (27) 
| Ks (Xa, Xe, 0) | S| (28) 


eee rary 


then the amplitude of the oscillations of frequency w3 will start increasing. In this case the 
biharmonic mode under consideration, with frequencies w 1 and wg, will be unstable. 


Ws (X,, Xo, 0)= 
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In equation (28) Wg is the closed-loop transfer coefficient for the oscillations of frequency 
w3 in the presence of the two investigated non-synchronous oscillations. 

To answer the question of how the system will behave in this case, it is necessary to con- 
sider the possibility of simultaneous generation of three frequencies. 

Only if one of the conditions (27) or (28) is not satis- 
fied, will the biharmonic mode be stable. If condition 
(22) is not satisfied, then stable oscillations cannot exist 
in the system at a given value of delay. In this case the 
resultant oscillation with frequency wg suppresses the 
fundamental oscillation frequency w 1 and then increases 
without limit. The system considered will not have a 
single stable solution at this value of delay. Such a case 
is possible only when the value of the non-synchronous 
frequency wg is sufficiently close to the resonant fre- 
quency wg of the tuned circuit. 

In a physical system the oscillations cannot go to 
infinity, for there is always saturation. After all, any 

pet ae w i” /% physical system has a power limit beyond which it can- 
not supply the load. 
We have obtained a result that contradicts this conclusion only because we have mathe- 
matically idealized the nonlinearities, without regard for the physical system. 

In addition to the non-synchronous mode, synchronous modes are also possible in the 
system, in which the generated frequencies are related as nw , =Mwg, where n and m are 
integers. Generally speaking, if n+m>>1, then the oscillations can be regarded as non- 
synchronous; if n and m are small integers, the oscillations will be synchronous and not only 
their amplitudes but also their phases will be interrelated. 

An investigation of the synchronous oscillations entails greater difficulties and is not 
considered in the present paper. 

For the sake of illustration of the resultant equations, let us consider the following ex- 


ample. Let S= 107? — 10-5 x2, Q=50, R= 40 kilohms and wg = 27-108 1/sec. The 


figure shows the dependence of the delay time on the frequency, when equations (11b) and 
(12c) are satisfied; Wjmin 29d wimax indicate the bandwidth of the system in the case 


when only one frequency is generated; wWomin 202d Wamax indicate the bandwidth for the 


Ww 
‘min min max max 


non-synchronous frequency, if the fundamental frequency coincides with the resonant fre- 
quency of the tank circuits. If the fundamental frequency does not coincide with the resonant 
frequency of the tank circuit, then the transmission band for the non-synchr mous oscillation 
will be smaller. The figure indicates the regions where the transfer coefficient of the first 
harmonic of the non-synchronous oscillation has different values. The case when Ww = wo 
is most favorable for the occurrence of non-synchronous oscillations. 
When T=0.6 microsecond, two stable non-synchronous oscillations are possible with 
frequencies w 1 = 0.99 wo; wg = 1.3 wo and respective amplitudes Xj = 10.3 v and X9 = 3.5 v. 
If T= 0.8 microsecond, not one stable oscillation can exist in the system. 


CONCLUSION 


We have shown that in a self-oscillator with delay and with nonlinearity in the form of an 
incomplete cubic polynomial, under certain values of the delay, greater than or equal to the 
fourth critical value (Tgy4), there can exist a stable biharmonic mode. We found an expres-— 
sion for the fourth critical value of the delay. We have shown that there exist such values of 
the delay (T 2 Tend) at which there are no stable oscillations in the system at all. 
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CHAIN SYNTHESIS OF A REACTANCE 
MULTI-PORT NETWORK 


A.I. Rutkas 


Certain new mathematical researches have led to a method for representing multi-port 
LC networks in the form of an equivalent chain of simpler circuits. The method is illustrated 
by a numerical example. 


INTRODUCTION 


An important tool in waveguide theory is the use of an electric circuit that is equivalent 
to the inhomogeneous part of the waveguide. To study the character of propagation of the 
waves through the inhomogeneity it is interesting to construct such a circuit in the form of a 
transmission line with lumped or distributed parameters L and C, the parameters being inde- 
pendent of the frequency. A solution of this problem can be used for synthesis of a wave- 
guide to satisfy certain frequency characteristics. 

In this connection, the question arises of replacing the multi-port network by an equiva- 
lent chain of simpler circuits. 

We consider below passive reactance for 2m-ports with lumped parameters L and C, 
operating in steady state and connected to an external electric system such as to ensure 
equality of the input and output currents of each pair of terminals [5, 9]. It turns out that the 
transfer matrix A(w) of such a 2m-port (the analog of the matrix of generalized parameters 
of the two-port network) has the property that it does not stretch a certain indefinite metric 
J in the corresponding linear space for any frequency w with Imw20. Recently there 
have been developed general mathematical methods of expanding analytic matrices of this 
type into a product of simpler matrix multipliers [1, 2, 3]. 

We propose here to use these methods for realization of a matrix A(w) in the form of a 
chain of simpler 2m-ports. We note that when so connected their transfer matrices are 
multiplied in reverse order. As applied to two-port networks, this idea was proposed and 
realized in [4]. * 

The general method considered for factoring the analytic matrix functions can also be 
used as the basis of synthesis of a multi-conducted transmission line with distributed param- 
eters L and C. 


1. THE MATRIX A(w) 


Leaving aside cases of degeneracy, we assume that the currents and voltages at the input 
of the 2m-port are linearly independent (we refer to the complex amplitude values of the cur- 


rents and voltages). 
In n-dimensional linear space H (n = 2m) we shall call the transfer matrix A(w) a matrix- 
function of the frequency w, expressing the vector of the state at the output X' in terms of 


the vector of the state at the input X: 


*This problem was also solved for a reactance two-port by a different method in [8]. 
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For 2m-ports of this type, A(w) exists by virtue of the linearity of the connection be- 
tween the currents and the voltages applied to the terminals. We note that the elements of 
A(w) can be expressed in terms of the elements of the S and T wave matrices of the 2m-ports 
[6, 7]. be 

Assume that in some orthonormalized basis of the space H the matrix A(w) specifies an 
operator A(w). We define in this basis, with the aid of the matrix whose elements on the 
lateral diagonal are unity and in all other places zero, the operator J(d = t= lye 
operator J introduces in H an indefinite metric with J-scalar product ee. Y= (TXs Y), where 
the round brackets denote the ordinary scalar product. The operator T is called J-non- 
stretching, if for any X€ H [TX, TX] < [X, XJ. 

Using (1) to obtain JX and JX', we get 


(A KAN) [ON ee ee eee 
+ Umm +... + Uy = Re (yy + 0. + Up n), 
ix ol = AO (Uil, ae ui eais =e Ua): 


The effective power applied to the terminals of the 2m-port is 
* * { ae Tatty 
Wap => Re (Uilj a Boch oe i= Umlm) — + Re (Ui, een es ete Ula -9y 330) 


where Imw 2 0 (see, for example, [5]). It follows therefore that [AX, AX] < [X, X], and the 
and the equality takes place if and only if Imw = 0. 

Thus, A(w) is an operator function which is J-nonstretching in the upper halfplane and 
J-unitary on the real w axis. This property can be written in the form 


Dae AU Ape 0.1 alae 0) (2) 


since (JAX, AX) < (JX, X) implies (JX, X) - (A*JAX, X) > 0. 
The elements of the transfer matrix are analytic (rational) functions of w; a similar 
operator function A(w) is called analytic (in particular, rational). 


Two multi-port networks will be called equivalent if their transfer matrices coincide 
(after W. Cauer [9]). 


2. EXPANSION OF A(w) INTO A PRODUCT 


For an operator-function having property (2), this question has been considered in 
[1, 2, 3]. We are faced with the problem of synthesizing a matrix A(w) in the form of a chain 
of simpler 2m-ports; it is therefore necessary to expand the operator function A(w) into a 
product of elementary factors. By the methods developed in the indicated papers, we can 


obtain a solution of this problem, which we formulate in the form of the following fundamental 
theorem (without proof). 


The transfer matrix A(w) can be represented as a finite product 


A (0) = UB, () . . . Bs (@) Bi (), (3) 


where U is a J-unitary operator independent of w; Bj(w) is an operator-function having prop- 
erty (2) and given by the formula 


B; Gye (4) 


@ — Wo Qais 
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in which Qyi has the form I or II: 


Qo; = — 2lm wR; = — 2Im w, JC (P,CIC)MN¢, (5) 


Here Ree = Ry; — highest-order coefficient of the Laurent expansion in the vicinity of the 
pole wo (Im wg # 0) of the operator function Aj-1(w) = A(w) Bj! (w); CJC* < 0; ~j — one of 
the eigenvalues of the self-adjoint operator CJC*; Pas — operator of projection on a one- 
_ dimensional invariant subspace of the transformation CJC*, corresponding to the eigenvalue 
Qi 

By the operation pl-1 we mean the inversion of the operator, induced by the self-adjoint 
operator D on its own domain of values. 


Qo, = JC* [Pa(— iDIC)|EC, Qi = 0. (6) 


“k+l D+ 


Here A;_j(w) = (w — wo) * C+(w — wo) .-» (Imw = 0), and C # 0, CIC* = 0; 


DJC* = — iDJC* > 0. The expression [Py, * (—ipgc*)|!“! is defined in analogy with the 


preceding one. 
3. CASE WHEN A(w) HAS POLES AT 0 AND o 


Let us consider the important case when the elements of A(w) have the following form: 
aa (w) = Pi (a) * qa ( * ); where pi, Gjx are certain polynomials. 
It can be shown that in this case each of the factors Bj (w) in product (3) is physically 


realizable. For the sake of being specific we shall put henceforth n = 4 and m = 2 (four-port 
network). In this case Bj(w) will be a matrix-function of one of the following four types: 


010 Type I | I | III | IV 
: - i (/0\|9 
Tel BN) = tl aa 7 
a Old ib, — 1] 0: — 
IIT. B;(o) = 1 + io( 4), Os ean ae | es 
010 K P2/p1 | —pe/P1| P2/P1 | —P2/Pr 


where q = hs ee 3 Pl, P2, 03 — real numbers, such that o2Q = 9, p3 20, pt = 02(3- 


Regarding B;(w) as transfer matrices, we obtain their realization respectively in the 
form of the four-ports I — IV (Fig. 1). The values of K,L, and C are listed in the table. 
If any of the coefficients p;, og, p3 vanishes, then the aforementioned four-ports 


degenerate into two two-ports 121'2' and 343'4' which are not coupled with each other. 
CONCLUSION 


Any four-port (or accordingly any 2m-port) with transfer matrix of the type indicated 
can be represented by an equivalent chain of irreducible 4-ports of the form I — IV (Fig. 1). 

To effect chain synthesis in the case of an arbitrary transfer matrix A(w), it is neces- 
sary to unify in groups of two or in groups of four the factors Bj(w) corresponding to those 
poles of A(w), which are symmetrical about the coordinate axes. In this case the results 
established in Section 3 remain in force for the factors B;(w) corresponding to wo = 0 and 
sy Iam sincerely grateful to M.S. Livshitz for interest in the work. 
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I 
ina 
——<@ f/f ¢—-—__C — Su 
i = We ees, 
IT WV 
Figure 1 
Example 


Let a certain four-port have a transfer matrix 


4 1 
| | 0 gil 27) Or (— 31) 
0 1 [ED epee 
{(@) | = z . Ts eG = 
. 1 i! ee (lees 2 AE CAR es 
@ 4) 8) tpg k=) =a Coe 
Sales) > (8) oe (18) tele aD (21) 


Let us find the equivalent chain of elementary four-ports I — IV. 


A(w) has one second-order pole at wg = 0. 


1. A(@) = Ai (@) Bi (0); Bi(o) =1—+ Q, 


where Q is given by (6). 


Jet a § eH Ole jee 27 —8l rag ar 12 
thee pase (oa) R, =( 81 aot ini 


Inasmuch as Det Rp = 0, Kg is of the first rank and Pot (—iDJC*) = Kp. To reduce Kg to 


diagonal form it is sufficient to reduce Rg to diagonal form, for which purpose we go over in 
H space from the initial orthonormal basis {f} to a different orthonormal basis {e} in which 
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WigsE Zr 


the matrix of the operator — iDJC* will have the form 


een 


e@ 


ge G 
oy = 27 + 243 = 270 
(a — trace of the operator R). 


Let the transition from {f} to {e} in the two-dimensional space corresponding to the 


operator R be given by the unitary matrix. 


> = u12') ; 
uo Ug2/ 
Then 
, aur, Oyo) 
Rye UsRU, = ( 2 ‘ 
jUy1U91 oyu, 
ie mee 
; 
we = 24 n= 2; 
MOU eaO 
(en) 2 ew 
iS, ( 0 Ra ; 
t anio ‘apy teats 
ee OL 2700 900 
RI 2. UR! Unis ‘ 4 Ue { { j 
~ 900 300 
b -1 : 
Calculating now Q; = JC* KE Jo, we find 
paidtion ao 
i: LON ox oe 9 zr \ 
Bi(o)=1- 2 (4/4), n ( 4 14} 
3 a eu 
Noting that By! (w) =1+ 4 @1 we obtain by multiplication 
Rik Boe) A382 
bi, Pieigcas tian) e GF TG ae 
A, (@) = A () By (@) = ml Te) 2 A, = 1( 8, 1(-2 
“Oo ry o 9 
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7 ee 
3% 3am =9 
Ce Sy) =p ’ 
—9i 31 g 
32, 32 
Pe OE 
$2), 9321 LS 
| oe Ryy| 0 
Diet, Sa yee =| ! |. 
1 ; i-3 0 |R, 
a Bs 


R : 
: * / le @ ay 0 __ { 0 = 320 
Det Li ). Re=(q o)> Fae=(qr oh) m= ar 
: R10 . 
ee Ge Gr +) : 


In the basis {f} we have 
RU) 
[S| cee(f cele fp 
R= (5 Ir) 


Using the results of the preceeding subsection, we have 


STi | au sa ; hee 
200 300 Sa: 
CACHE |. Ay (@) = Az () Ba (0), 
eee 


ara acersrteas—£(212), ga(-2 _ 4), 


A (@) = Az (@) Bz (@) By (@). 


The matrices By(w) and B2(w) are of type I, while Ao(w) is of type II [see Section 3, 
p. 1841 (Russian)]. This completes the factoring of A(w). The sought chain of 4-ports is 
shown in Fig. 2. From the properties of the product (3) we find that in our example all three 
4-ports commute with each other. 

By virtue of the relations in the paper, we have Kj = -7/6; Ky = 1/3; Kg = 1/3; Cy = 3/4; 
Co = 3/32; L=1/9. 
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CORRELATION CHARACTERISTICS OF THE 
FIELD OF A LINEAR ANTENNA 


Ya.S. Shifrin 


We consider the correlation characteristics of the field of a linear in-phase antenna in 
the presence of random phase errors in the sources. The correlation function obtained is 
used to determine the functional of the distribution of the envelope of the directivity pattern 
of the antenna. 


INTRODUCTION 
A 

In the papers published up to now on statistical estimates of the parameters of antenna 
systems [1 — 4], principal attention was paid to the determination of the average character- 
istics (with respect to time or with respect to a family of antennas of a single type) of the 
directivity and the average values of certain antenna parameters, particularly the directivity 
coefficient. 

The next step towards a study of the statistical properties of the field of an antenna is, 
naturally, an investigation of the fluctuations of various parameters. This question was con- 
sidered in part in [3]. There exist, however, many problems of practical importance, the 
solution of which necessitates a deeper study of the statistics of antennas. Such a more 
complete description of the statistics of the field can be obtained with the aid of correlation 
characteristics. Furthermore, if the field of the antenna is a normal random function, then 
the description of the statistics with the aid of the correlation functions is complete. 

An example of a problem whose solution necessitates knowledge of the correlation func- 
tions is the very interesting problem of finding the probability that the directivity pattern of 
an antenna, in a certain specified sector ~ - ~2g, does not go beyond a definite level, charac- 
terized by a function v(i)) on the interval ~ ,—do. 

Such a problem is of practical interest in estimating the suitability of an antenna on the 
basis of the side lobes of its pattern. * 


*It must be noted that when account is taken of the statistical nature of the field of the 
antenna, the requirements concerning the side lobes must be formulated approximately as 
follows: the antenna is assumed suitable if the probability that the directivity pattern of the 
antenna in the given sector does not go beyond a certain level is not smaller than a specified 


value. 
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A solution of this problem and of similar problems is tantamount to determining the 
functionals of the distribution of real random functions. For a normally distributed random 
function the approximate value of the functional of the distribution can be determined by de- 
termining from the known correlation function the interval of the correlation and by further 
establishing the probability of joint realization of a series of independent events. 

Thus, for normally distributed functions the problem reduces to finding the correlation 
functions. Unfortunately, the modulus of the complex factor of the system, characterizing 
the directivity apttern, is not a normally distributed function. In spite of this, the functional 
of the distribution for the modulus of the multiplier of the system can be obtained, as we 
shall show below, from the known correlation function for the field. 

In the present paper we determine the correlation function of the field of a linear in- 
phase antenna in the presence of random phase errors of the sources. The correlation func- 
tion is then used to determine the functional of the distribution of the envelope of the direc- 
tivity of the pattern. The results obtained in Sections 1 — 3 are equally suitable for the time 
statistics and for the statistics relative to a family of like antennas. In Section 4 we give a 
quantitative estimate of the functional for the case when the phase errors of the sources 
result from inaccuracy in the surface finish of the antenna. 

The phase errors are assumed small. 


1. INITIAL RELATIONSHIPS 


The system multiplier f(y) for a linear in-phase antenna with amplitude distribution A(x) 
has the following form, if account is taken of the random phase errors characterized by the 
random function (x): * 


an , 
f (1p) oa \ A (x) eFlOO+ex] ga 


© 
ak 


I op gaa 
where w = 7 sin 6; @ — angle measured from the normal to the system;  — length of the 


wave; L — length of the system. 
Assuming the phase errors to be small, we obtain 


Stl cel 


fp) = | 4 (a) eax + 7\ @ (a) A (2) eas. (1) 


=) —1 
Assuming ¢(x) = 0, we obtain the average value of the system multiplier 


70) = \ A (x) eax = fo (y), 


where f9()) is the system multiplier in the absence of errors. The field fluctuation is 


sive! 


Af (y) = 7 \ @ (2) A (a) ede. (2) 


ole 


The correlation function of the random complex function f()) can be written, by definition [5] 
in the form 


Ky (ps pi) = Af (p) Af (pr). (3) 


The normalized correlation function will be 


*We have left out the factor L/2, which is of no significance. 
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K, (ap; tp) (4) 


Ry (ap; — F 
1) ee yk, Ga 


Using (2), we obtain 


1 


\¢ @) GA (0) A (m) Ode dey = 


1 


i 
K; (p; tp) =| 


41 
= \\ ro (x) 6 (x1) A (x) A (a1) e?* dx daa, 


——i b 


| f 
| 
where r — correlation function between the values of the phase at the point x and x1; o(x), 


mean squared value of the phase [¢2(x) = o2(x)]. 
(x — xy)? 
We assume further for the correlation function r aform r=e : » where 


c= 29/L (p — correlation interval). 


Then 


oy — SE toed 
dx dx. 


K; (p31) = {lo (@) ofa) A (2) A (ai) 


Si 


We confine ourselves further to an examination of the case of uniform amplitude distri- 
bution A(x) = 1 and error distribution g(x) =a 9. In this case 
ei (x—m1)? |; : 
— SS Hiva—jbios 
Ky (yy) =03\(e  * (5) 


if 


dx dz. 


The double integral I in (5) can be calculated exactly. As shown in Appendix 1, the final 


expression is 
# 
I (ap; 1) = i iC Ab ie dz dx =cVx = ‘< 
pct 2c? 
x fe Re o(= — i) + hac 0 ( : ] a) 2c oe ~ 
«fle —F E+E oF 79)- 
yc? 
(6) 


where 


2 2 % 2 
@ (2) = ——\e—*dt; F (2) = e-*\e* dt. 

Va | | 
Putting » = 1 in (6), we obtain after simple manipulations 


2c? 


to = SE oa 
c 


dxrdi=Vuce * 
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& 
2 


~ COS 2p] (7) 


‘pe 
x O(a e)|-e[1 — pel ('F)—e 
Relations (6) and (7) enable us to calculate the functions 


T (ap; 1) 


Ky = o2f (pp), Ry = 7 — 
¢ = 071 (tp; 1) 1 V To (b) To Ch 


for any value of the parameter c, i.e., for any ratio of the correlation interval of the phase 


errors go to the dimension of the antenna L. 
It is of interest to consider the character of variation of the normalized correlation func- 


tion R¢ with varying parameter c. For this purpose we put y, =0 and calculate the quantity 
RA0, ), which is equal to 


1(0, ¥) 
SY Vea Oe a 


where 


E00). eVado(2)4e * Re o(2 — j¥)]— 


ca 


2eo9[r (8) 4 Ee im o(2 7%) 5 
50) =2Vxe0(2)—al1—e *), (10) 


I9()) is determined from (7). 
Expressions (7) and (9) contain the probability integral of complex argument. It is more 
convenient to use in the calculations, in lieu of (z), the function Wz), defined by 


WZ) = bel AR 2. era), 
0 


for which there are detailed tables [6]. To use these tables it is necessary to replace the 
function (z) in (7) and (9) by the function W(z). Taking into account the relation 


@(z)=e -22 W (—jz) — 1, it is easy to transform (7) and (9) into 
__ ¥?c* ae 
I,(~)=2eVne * +2V ne. “ (W —a2V) sin 2p —(yV + aV) cos 2] — 


ce E yok (¥) = lee doe 2], (7a) 


22 


. F te 
10,9) = Va * {o(2) +. ne | We [U cos 2p —V sin 2yp]} — 


(9a) 


— 2¢ 8 le () — VE oF * IV cos 2p + U sin 291}, 


where 


U = Re W (z);V = Im W (2); = Pe jy See 


o | 


T 5 
en 2 > 1 and |arg z| < 5 -6(5 > 0), using the asymptotic expression for the probability 
integra 


we obtain from (8) and (10) the following expressions 


22 


1, (~) ~2Vace * —e2 E —yeF (| #3 


en 3 (= — ue cos 2p — 2p sin 2 | 


Se = (7b) 
(ae SE) +a | 
_ve 
fog eVaMH[0(2) a se, 
AS 
RF _ wel> + cost ]. eel 
og 


Using the exact expressions (10) and (7a), (9a) or (when | z| >> 1) the asymptotic expres- 
sions (7b) and (9b), we can calculate with the aid of formula (8) ae ae of R¢(0, ») for dif- 
ferent values of the parameter c. 

The result of the calculation of R¢(0, ») for several values of the parameter c are 
illustrated in Fig. 1. As can be seen from the figure, even 


when c~3(p ~ : L) the normalized correlation function ROY) 


RO, ») has a modulus close to unity in the entire interval 
of variation of () < 10) which we are considering. As c 
decreases, the correlation distance also decreases. 

In the limiting case c <1, by retaining in the general 
relations (6) and (7) only the first term of the asymptotic ex- 
pansion in c, we obtain 


Ks (ps1) ~2V ne oS) 
p— py 


Ry (p11) ~ Sa. g. (1) 


It is seen from (11) that when c «1 the correlation function 
depends only on the difference of the argument » —% 1, and 
the correlation interval for the function f(W) is a quantity of 
the order of 7. 

The function sin )/%, which has a value R,(0, ~) when 
ce <1, is shown dashed in Fig. 1. Fig. 1. 

The case c <1 is of particular interest, for it arises 
in the study of antenna family statistics involving manufacturing inaccuracies in antenna sur- 
face finish. 

The correlation interval p of the phase errors, connected with the inaccuracy of the man- 
ufacture of the antenna, is as a rule of the order of dX [3], and the dimensions of the antenna 
L are much greater than Ne 

The condition c <1 is usually satisfied in the case when the phase fluctuations of the 
sources are the consequence of time-varying deformations of the antenna surface. 


2. FUNCTIONAL OF THE DISTRIBUTION OF THE DIRECTIVITY PATTERN 


In the study of the function of the distribution of the directivity pattern we confine our- 


selves to the case cKX1(p KL). If c<1, then the second integral in (1) can be repre- 
sented in the form of a sum of a large number of weakly dependent terms. From this, on the 
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basis of the central limit theorem, we can conclude that the random function f() has a nor- 
mal distribution law. * 

The latter, in particular, signifies that: 

a) for any fixed y) the real and imaginary parts of the complex multiplier f(y) obey a 
two-dimensional normal distribution; 

b) the vanishing of the correlation function at a certain value y - p, signifies the inde- 
pendence of the random quantities f(y) and f(1). 

As noted earlier, when c <1 the correlation interval for the function f(x) has a value 
on the order of 7. It follows therefore that the values of the modulus (or phase) of the func- 
tion f() at points separated by intervals on the order of 1 will also be independent. 

We note further that when A(x) = 1 the directivity pattern of the system, in the absence 
of errors, will be 


The first maximum corresponds to j= 0. The position of the remaining maxima of the mod- 
ulus f9() is determined by the roots of the transcendental equation tany=%). The approxi- 
mate roots of this equation are ‘ 


be Qk NS5) hy 2.0.05 


Thus, the maxima of the function |f(~)| are divided by intervals on the order of 7. 

Going over to an examination of the functional of the distribution of the directivity pattern 
in the presence of error, we note that in the study of the problem of the side lobes we are 
interested essentially in the envelope of the directivity pattern. In the case of small errors 
the behavior of the envelope is determined by the values of the modulus of f(y) at the points 
w,- It is clear therefore that in order to find the approximate value of the functional of the 
distribution of the directivity pattern (more accurately, the functional of the distribution of 
the envelope) it is first necessary to calculate the probability P, that the values |£() |- at the 
points ~, do not exceed the values of the function v(y)) at the same points, and then taking 
into account the independence of the values of the modulus at the points ~,, we take the 
product of the resultant values of Px. 

Thus, it is necessary first of all to find the integral law of distribution of the envelope 
(modulus) at the points ~;. The random quantity |£(h)| is the length of a vector with com- 
ponents a= Re f (w) adit =Im f(w). As follows from (1), the values of a and b are deter- 
mined from the expressions ** 


“1 a 
ah \ A (x) cos x dx — \ A (x) @ (2) sin pa dz, 


sail i 


Tah Smt 


5 i 
j= \ A (z) sina dx + \ A (x) @ (x) cost» edz = \ A (x) @ (x) cos pax da. 
I 


asf Ki 


The values of a and b have a normal distribution with mean values 
my es 
a= \ A (2) cospxdz, b6=0 


ip 


and with dispersions (see Appendix II) 


*In order for the function f(y) to be a normally distributed random function for arbitrary 


c, it is necessary that the random function o(x), which characterizes the phases errors, be 
normal. 


**The function A(x) is assumed even. 
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gic? 4 


o~Vnee 4 ( A? (2) o? (2) sin? wpa dz, 


(12) 
o~V a cet \ A? (a) 


(x) cos? pa dz. 


The correlation moment of the quantities a and b will be 


Be ee ae 

Kyw~V nce * \ A? (x) o® (x) sin px coswpz dz. 
—1 

For even variations of A(x) and o(x), the correlation moment vanishes. The vanishing of the 

correlation moment for a normal distribution law of the aggregate of the values a and b 

means that they are independent. 


For the case A(x) = 1 and g(x) relations (12) can be rewritten as 


2S sts ye eee ea F 
o~V ace * (1S), og =~ V nce To3(4 + 2), 


At the points p, ~ (2k + 1) 5 we have sin 2))=> 0, i.e., the dispersions of Ge and gy, at 
these points, namely oa; and obk, are the same: 


2 


Ye ct 

ee 
Ono ~V acs ie * =o, (13) 
Thus, the question of finding the law of distribution of the modulus f(y) at the points p, 
reduces to the problem of the distribution of the length of a vector whose components a and b 
are independent and have a normal distribution with parameters (a, o,) and (0, oj). 
The solution to this problem is well known [7]. 


The distribution function of the length of 
a vector is a generalized Rayleigh distribution function 


ope 
or)=Ge “ 1(28), a: 
oF ae 
where 
= sin tp), 4 
= > iB — » : aa : 

0 fe p))3 a a Os 

I 


— modified Bessel function of zero order. 
The integral distribution law |f(,)| at the points », will be 


ail (oy) P+, 


207 Se (& (%p,,) \? t ay, 0 (,) 
+ ah rp dal 


ory 
k 


(15) 
The curves of the integral distribution law are shown in Fig. 2 


For the case when v()) coincides with the theoretical envelope, we have v()k) = a, 
and the values of Px are determined from 


If the errors are small, so that the inequality a},/o, > 1 holds, then the generalized 
Rayleigh law (14) goes over into the normal law with parameters a, and o,. The integral 
distribution function will in this case be 


ELxa..)2 
» (x) aS ay) 


gia an) (16) 


Sp 


navi | 


The curve of the integral normal distribution law F(x) is shown in Fig. 3. 

The functional of the distribution of the envelope is determined as the product of the 
values of Pk. It is necessary to bear in mind here that for each k we have two points, situ- 
ated symmetrically on both sides of the direction of the maximum (y= 0). In the general 
case the values of v(y)},) at these points may 
not be equal. Consequently the values of P,_ 
at these points will also be different. 


F(x) 


Fig. 2 Fig. 3 


However, usually the function v(y) is even. In this case the functional of the distribution 
of the envelope can be written in the form 


Py = |] Pi (17) 


3. QUANTITATIVE ESTIMATE OF P 


Going over to an analysis of certain examples, it is necessary to note first that the aper- 
ture method of calculating antennas is used usually to find a principal lobe and some of the 
side lobes that are closest to it. This circumstance predetermines the interval of values of 
w, for which it is advantageous to use the result obtained above. If the errors are in this 
case so small that for the extreme investigated point ~y the inequality ay/oy > 1 is satis- 
fied, we determine P from the formula 


— 


N 
Poy = |] Fis (18) 
k=1 


where Fx is determined by the relation (16), i.e., 


Fy, == (5x), (19) 


where 


In particular, the probability that on the section + ~y the diagram will not go outside the 
theoretical envelope (6, = 0), will be 


N 


P = |[ F2 (0) = 0,25", (20) 


k=1 


where N is the number of side lobes considered. 

Let us further consider by way of a specific example the case when the field fluctuations 
are the consequence of inaccuracy in the surface finish of a mirror antenna. In this case we 
can use for estimates of og the argument advanced in reference [3]. Assuming the relative 
tolerance in the surface of the antenna to be specified (in accordance with technological capa- 
bilities), the author of that paper obtains the following expression for the mean square devia- 
tion of the phases of the sources: 


Spee bd 0, (21) 


where L — linear dimension of the antenna; m — a quantity characterizing the relative toler- 
ance in the manufacture of the antenna. It is determined by the relation 


—m € 
10 carte? 


where ¢€ — tolerance in the surface finish of the antenna, which can be guaranteed with a 
probability 0.99. 

Let us now determine the quantity c. As was noted above, the correlation interval 
usually is on the order of . Since the total length of the antenna in dimensionless units is 
2 (x varies from -1 to +1), we have 


c=é2—. (22) 
Using (13), (21), and (22) we obtain 


= @ 1 A (2k-+1) 772 
Ona 9,4-10'-™ Les [t mee] (23) 


We confine ourselves to k < 3 and put L/, > 10. Then 


PD 1, 


say Ie 
o, ~~ 10 a 


Assuming, for example, furthermore than m = 3* and recognizing that a, = 4/(2k + 1)7, we 
find that in the range 


a = ee (2k-+-1) zt 


(24) 


10 < < 50 (25) 


we have the inequality ay,/ok > 1. Thus, when k < 3, m=3 and L/) satisfies the inequality 


(25), the value of P can be calculated from formulas (18) and (19). ; 
Fig. 4 shows three functions v(.)). The first, vj(™), coincides with the theoretical enve- 
lope. the probability that the directivity pattern will not go beyond vi(~)) in the portion + 3. 


*The value m = 3 corresponds to a very good antenna surface finish. 
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a6 It will, in accordance with (20), have a value 
Pyi(y) = 0.016 = 2%. 
The curves v2,3(b) are drawn through the points 
ax + 20,. With this vo(p) corresponds to ILA = 102 
v3() corresponds to L/A= 50. In both cases we 
have 6, = 2 and in accordance with (18) and (19) we 
get P= F6(2), Using the tables for the function F 
cag [7], we obtain F(2) = 0.977 and P = 0.86. 


Thus, we can state that, with a probability of 
86 percent, the directivity pattern of the antenna in 


v(Y) 
-2\- 


Theoretical wy) 


the portion + p3(+ = ) will not go beyond the limits 


vo(p) for a system of length 10) and vg(~p) for a 
system of length 50). 
Fig. 4 The table lists the values of og} calculated by 
formula (23) for L/AX =10 and L/AX=50. The table 
also indicates the levels of the side lobes, corresponding to the curves v2(y) and'v3(w). 
It must be noted that if the inequality 6,0,/a, «<1 is satisfied at the point ~,, then the 
change in level of the side lobe radiation compared with the theoretical value will be 


H 1 1 1 L au 
i _Sk _dh a ti SK KY 
2 2 2 2 


Side load level, Ay (GB 20 10 a, a cee 
ay 
Onn 
= 8,6 In (1 ee )~ gg oe 
an ay 

0.027 0.065 
0.021 0.066 A 4 fe From this, in particular, it follows 
0.016 0.066 : A F that A;, (in decibels) is proportional to the 


tolerance €. This must be kept in mind in 
the analysis of the data in the table. The relatively small growth in the level of the side lobes 
is connected with the rather high accuracy which we have assumed for the system manufac- 
tured. The assumption m=3 means, for example, that a system one meter long is pre- 
pared with a tolerance €=1mm. An increase in the tolerance € by a factor, say, of two 
will increase A; (db) also by a factor of two. 

The example given above illustrates the order of the calculation of the value of P for a 
specified function v(~), for a specified interval of values of y, and for a known precision in 
the manufacture of the antenna m. 

The results obtained above can be used also to solve the inverse problem — determine 
the necessary accuracy of antenna manufacture for specified side lobes. 

Let us consider by way of an example the following problem: it is required to determine 
the accuracy of an antenna of length L, under the condition that the probability that the first 
side lobe does not exceed —M db is P. 

Brom (kt) sweets Ps—-P ie wienseee 1 =P. 

Let us determine the value of v(w): 


20 1g) a. 


Hence 


M 


v (i) = 2-40 2%, 
From Fig. 2 or from the tables we obtain for the function Pj the value of 0,. If we ex- 


pect here to have a1/o; > 1 (which must be verified subsequently), we can use Fig. 3 or the 
table for the function F. 
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Using further the relation (23) or (24), we find the value of m and accordingly «€. Thus, 
if we use the expression (24), then 
m . Pps 
Nuveen (iy (ae ee 


1 
Let, for example L/\ = 40, P=0.9, M=—10db. Then Py = 0.95, vy) = 2°10 2 =0.635. 


Putting a1/o1 > 1*, we get Py =f(5,) = 0.95. Therefore 6; = 1.65 and 


ee “haa = 0,127. 


1 
o1 


~ |r| 


The necessary accuracy of manufacture will be 10™~ 10V 2.500, 10° Se /ines 


v 


~ 0.002, m~ lg 500 = 2.7, ¢€= 0.002L = 0.08). 


In conclusion we note that the results of the present investigation can be used to study 
the correlation properties of the diffraction image in focusing systems. 


APPENDIX 1 


Calculation of the Integral I 


In the determination of the correlation function Kg(; ~1) it is necessary to evaluate an 
integral of the form 


Stell c—2,)2 
— "+ ies 
T= e c dx dry. 
1 


Let us change from the variable x, x,, to new variables 
u, Vv: 


LE 


Fig. 5 


The change to the variables u and v signifies a rotation of the coordinate system, as shown in 
Fig. 5. Recognizing that the double integral is taken over the shaded square in Fig. 5, we have 


+1 (xo)? ‘ 
— Ht ix jie 
_ \- F esti de de, = 
i 
Ve a Vom j— (¥—-¥,) 
= \ ee: du eV? dv + 
0 —(V¥2—-u) 
0M 5 wry ge RY ako 
fi \ oe ae ah pase: dv= 
iis —(V2+u) 
2 ou? 
_ 4V2 ( cos LUE gin V2= WW) CF ay, 
yh V2 ya 


*In this example a,/o1~ 3.3 and the function Pj can be replaced by the function F. 
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Going to a new variable yeu , we obtain 


2/c 


2/c 
1 = 2esin—W) [(e-t"coscyny ay + | e-¥ cos evy dy] — 
ev th 0 0 
2/c 2/¢ 
\ eV sin cpy ay : 


0 


2c cos (p— pr) | (ve in 
SS sin eipy dy 


The integrals in this expression can be readily calculated. Leaving out the intermediate 
steps, we write the following results 


ale eS 

ot — — 2 . pe 

: I 

| cos epy ay = We 5: reo(— \; 
0 


ae 


\ ov sin oy ay = F(H)4 Ve © mo(2 sae 
i 


where 


7) a —z? t2 
@(z)=——\e dt; F(z)=e e at. 
on fe 
Using these results we obtain as the final expression for the integral I: 


(x=)? 
Se 


vc? 
pall RH a wey SIE noo (E 7 Ht 
—1 
2 no0( 8/8) 2 eB) P+ 
act ye 
WA |e : imo(=—j;¥)—e a 1m o (= — at 


APPENDIX 2 


Calculation of the Dispersion of the Components of the System Multiplier f( wv) 


We confine ourselves to the calculation of the dispersion of the random quantity 


Sl 
a=Ref(p) =a— \ A (2) @ (x) sin wpa dz, 
+1 a 


= \ \ A (x) A (x1) @ (@) @ (@1) sin the sin px, dx dry 
i 


aa! 
= \ \ A (a) A (ay) 75 (a) 6 (ay) sin pa sin {pr dx dx, = 


ss (ea)? 
\ A (x) 6 (x) sin pa dx \ A (x3) 6 (a1) sin aprye Ode 
-1 -1 


If the correlation interval » is much smaller than the linear dimensions of the system L, 
i.e., if c «1, then the region of significance in the evaluation of the internal integral lies 
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near x = xj, and therefore the limits in the internal integral can be extended to +~. 


Assume further that A(x) ¢(x) is a slowly varying function, we have 


ast! +1 " (xc—2c)2 
5 ; ( os 
= \ A (2) 6 (x) sin pa dx \ A (1) 6 (21) sin tprye “dat, = 
=1 -1 


+1 +90 (xa)? 
~ \ A? (x) 3? (x) sin px dx \ sin tpaye dar 
—1 zo 


Using the formula [8] 


p? 


co 

- __o2ye sin nm —-—> si 

\ eae ae Wiese ies EGE oe ph, 
ae q cos 


we obtain finally 


its 


2. 


3. 


yc? 1 
e~Vace 4 \ A? (x) 6 (x) sin? pa dx. 
-1 


Analogously we calculateo},7 and the correlation moment of the quantities a and b. 
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DIFFRACTION OF WAVES ON A SLOT AND ON A RIBBON 
ORIENTED PERPENDICULAR TO AN IMPEDANCE PLANE 


M.D. Khaskind 


A method is developed for constructing exact solutions of two-dimensional problems on 
the diffraction of E modes on a slot and on ideally conducting ribbon, oriented perpendicular 
to an impedance plane. The general method is based on the analysis of the properties of the 
special functional combination introduced in [1, 2]. Particular attention is paid to the limiting 
solutions, which are represented in an effective form. The results obtained are compared 
with the approximate solutions discussed in [3]. 


1. INITIAL RELATIONSHIPS 


The electromagnetic field above an impedance plane z = 0 is investigated with the aid of 


0 


the magnetic vector IIm = aly, Z) x9 where x? is a unit vector of the x axis and the time 


factor exp iwt is left out. The intensities of the electric and magnetic fields are repre- 
sented by the following relations, in the practical rationalized system of units: 


E = — tkp, (grad p X x°), E,=0, £, = — 1 eet ihe = ikpy ; (1) 


RM eh pc Ba al Oh (#2)" = 120 nom), 


where k= w(€o pot’? — wave number in free space. 
On the impedance plane we have the condition 


E, = ipig tor 2 = 07 > Oy 


which for a scalar function © assumes the form 


a) 
+ pp =0 for z=0 (p=kZ). (2) 


The analysis that follows is based on an examination of the properties of the functional 
combination 


Ore Pa ae, (3) 


where the function f(y, z), like the function o(y, z) satisfies the wave equation and, in ac- 
cordance with (2), the condition 


Oj ae 
Chae, oy 6 == Oh (4) 


which enables us to continue the function f into the lower half-space in even fashion; 
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consequently the function f is regular and single-valued in all of the space outside the cylin- 
drical surface bounded by the transverse contour L = L*, where L is the transverse contour 
of the cylindrical surface enclosing the sources, and L* is the mirror image of the contour L 
in the lower half plane. 

If f(y, z) is a definite function, then, as shown in [1, 2], the reverse transition to the 
function o(y, z), with account of the asymptotic behavior, can be carried out in unique 
fashion. We use below the following formula for the transition 


v O : = 
iis \ eps Set + i-A (7h, p) e—PzFiny (5) 
A h Pog l! z-+ih of 4 
(+h, p) = or epztihy [4- f (+ th cos (n, y) + p cos (n, )|al 
L-EL* 
(12 = k? + p?), (6) 


where the straight-line path of integration (-~, z) in (5) does not cross the contour L = L*, 
The upper sign is taken for points situated to the right of this contour, and the lower one for 
points on its left. The second term in (5) determines here the excited field of surface waves, 
while the function a(+h, p) represents the complex amplitude of these waves. 

The mean electromagnetic energy carried by the surface waves through a unit transverse 
segment at y ~ t ~ is determined in simple form [3] 


Pa = po PE A (th, p)l. D 


The total complex power is determined from the general formula 


* . +0 
P), — \ E\HA,dl = oh? | 1) ss dl, (8) 


where the tangential component Ej = ipgk3qg/on of the electric field intensity vanishes on 


the perfectly conducting parts of the contour L; on the open parts this component is a speci- 
fied function or else must be determined when 'joining' the internal and external fields. 


2. DIFFRACTION OF WAVES ON A SLOT 


Let us consider a rectangular slot between a perfectly conducting plane and impedance 
plane perpendicular to it (Fig. 1), and let us assume that an arbitrary incident field is speci- 
fied on the side y <0. This field, with account of reflection from the impedance plane, is 
characterized by a function go(y, z). In particular, for incident plane waves we have 


Z ‘iy e—ik (y cos B — z sin) + 
-— Re= tk y cos Bz sin B), . 
: Rp — iksinB+p (9) 
~ iksinB—p ’ 


AETOUTRNTAGTAGUGUTOQTOQHNGUTRGROOOHOQTOQROQHOGHUGUIGD HI 7 : . 
0 where f is the elevation angle and R the 


; coefficient of reflection from the impedance 
Ao taeet plane, If B=1a9, i.e., if kehag =h, 
kshag =p, and R = 0, then the incident wave turns into a surface wave with a function o9 (y,Z) 
in the form 


ereawe 5 UTP, (10) 
Let the function 4 = oly, 2) (y > 0) define the transmitted waves; it is then easy to see 


that when y < 0 the electric magnetic field can be defined with the aid of the sum 
o.= oly, 2) + oo(-y, 2 —e(-y,2), where the scalar function ~,(—y,z) corresponds to 
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waves reflected from the perfectly conducting plane y= 0. The continuity of the entire solu- 
tion and the condition Ez = 0 on a perfectly conducting plane lead to the relations 


p (0,2) =9o (0, 2) for O<2<b; 2 = 0 fo y= 0, b= 2 =< co. (11) 


These conditions enable us to continue the function from the region y > 0 to the region y < 0 
in even fashion, and consequently, the values of 3g/ay have different signs on opposite 
sides of the segment (p, b) of the z axis. 

Let us consider now the function (3), for which conditions (11) assume the form 


ts) 6] 
SE _ 28 + pp, ae Cay Wee = lp 
TF = 0 for yt, ONE ee, 


Recognizing that the function f vanishes at infinity, we can put 


f= Cr +\ (SE + poo)dz = U (2) for! yf 2310," 0 <2 


LE ic OS sig yf RO PON 


oy (12) 


where Cj is the constant of integration, which must be determined when the conditions (11) 
are alternately satisfied. On the basis of (4), the conditions (12) are continued here in even 
fashion to the lower half plane, and by virtue of the second condition of (12), we have 
f(-—y,z) =f(y,z) and the values of af/ay have different signs on opposite sides of the seg- 
ment (-b, b) of the z axis. Therefore, contracting the contour L + L* in (6) to this segment, 
we have 


A (s:h; p) = \ eras (£-¢ ). 


x dy \dy /y=+0 (13) 
We put in (5) y=+0, 0 < z<b; then, taking (11) and the properties of the function f into 
account, we obtain the relation 
P r i r 
t——A (h, p) —{ e~P? dz = go (0, b) e~P? + 2p \e-Pq, (0, 2) dz, (14) 
b 


0 


which determines the constant Cj. We now calculate the densities of the surface currents 


Re = : a : 
iz = + Hy on the shadow and illuminated sides, respectively, of a perfectly conducting plane 
(y =+0, z2b), which according to (5) and (11) are determined in the form 


Zz 


if = — ke-P (qo (0, 6) e?? + \ ee dz) : 
5 
iz = 2k (0, z) + i7, (15) 


and consequently we obtain for the current density the expression 


i = eee [Go (0, 2) — e-P (0 (0, b) ep) + (er be da)|. 
b (16) 


Let us show that the complex power (see (8)) 
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Po 


b 
‘ 0 * 
P,, => ip ok*\ 9 (0 ’ 2) dz (17) 
0 


can be expressed in simple fashion in terms of the function f. In fact, from (5) we have 
(y=+0, 0<2<b) 


Zz 
agt aft ee ote 
Hy = = 7 + pe-P2( A (+h, p) — \ eP dz) = 
= 
b 
aft ais 
= 7 + pe-p2\e™ Fo dz, (18) 


and in the case of a function @o, determined from (9), we get 


b 
; iksinB* ( Off » on, 
P, =i ke PP = oe - \ ekz sin B* dz (19) 
aes 


In particular, when 6 = iag (kshag =p), i-e., when the incoming wave is a surface 
wave, the complex power P; is Vea eed in terms of A(t+h,p) very simply 


ene Pok*h 
Py Z Po PAM (ewes) ee oo De Do =A Cre. oe De. (20) 


where Do and Ro are the coefficients of transmission and reflection of the surface waves. 
Using (18) we can also readily establish an expression for the total voltage V applied to 
the edges of the slot: 


b 
Y= \E, (0 , 2) dz-= ikp, (Peres, 
é (21) 


We note also that for the incident surface waves (10) the equality (18) can be represented 


in the form 
Z 


ogt ee ee ( 2 oft 
Gy the + thRoe pep oT — — pe-Pe \ ep dz (y¥=+0,0<2<D). (22) 


The first term in (22) corresponds to the Kirchhoff approximation, and all others take into 
account the effect of reflection and scattering of the waves. 
To determine the function f we introduce a system of elliptical coordinates 


Z2=bchEcosn, y =O sh & sin 7. (23) 


It is easy to see that the coordinate lines = const correspond to a set of confocal 
ellipses in the zy plane, while the coordinate lines n = const correspond to a set of confocal 
hyperbolas orthogonal to the ellipses. The twice-covered segment (-b,b) of the z axis is a 
degenerate ellipse & = 0 and In| < 7, and parts of the coordinate axes with |e | > b correspond 


to the degenerate hyperbolas 7=0 and n=tr(é> 0). 
In the elliptical system of coordinates, particular solutions of the wave equation are the 


set of odd and even Mathieu functions ol) = = Ce,(é) cen (7) (n= 0, 1, . ...) and 
eo) = Sey (E) sen(7) (n=1, 2, .. .), the functions ce,(7n) and se,(n) being orthogonal 


systems of periodic functions with a normalization 
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4 


c [cen (n)]? dn = 1, \ [sen (y)]?dy =a. 


—TT 


The Mathieu functions cen(7n) and sey(n) are represented by Fourier expansions in the 
following form [4]: 


2 fee) 
ee i) == >; Anm Cos my, sen (n) = >» Bum Sin mn, (24) 
IS) m=1 


where the indices n and m have the same parity, and the coefficients Anm and Baum are entire 


functions of the parameter @ = (kb) 2/4. The Mathieu-Hankel functions Cep(£) and Se,(&) are 
also expressed in terms of series of Bessel and Hankel functions [5, 6]. 
The function f, satisfying conditions (12), can be determined by series expansion in 


powers of o) , as a result of which we obtain 


<1) Ce, (8) es 
i =a DI Qn Ce (0) CEn (n), a, = >> Angie 
— n 


m=0 


1 4 
d= — \ U (bcos y) cos my dy. (25) 


For the function gg, determined from (9), the coefficients a() are easy to calculate. 
In this case 


= P iz si =the si 
U (2) = C, -- (1 ame sinB 1 ¢@ ikz sin B) (26) 
Therefore, using the Bessel integral 


(£ )"Jm (2) = (ett 008% cos mn dn, (27) 
0 


we obtain (6)= 1, 5, = 0 when m # 0) 
ore ee * 
dm = BnCa te BE (A tal = AVP) eae Neen, (28) 


In precisely the same manner we can find the complex amplitude A(+h, p) of the surface 
waves. From (25) we determine 


af 4 Ce, (0) dC \ 
“dy bsinn n, 2 On Ce, (0) (0) cen(n) (Cen Oe ( 2 ik a ' (2) 


Substituting this expression in (13), we get 


ANE Ie, p= 30,2 


n=0 


‘ t co 30 
(v), Dy (Vv)! S= Ds Areca m (v) (Vj = pb). oe 


m=0 


Here Iy,(v) is the Bessel function of imaginary argument 


™ 


Live (v) =— = e” 5% cos mn d 
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We express in similar form the complex power P, and the voltage V. Actually, we can 
establish from the formulas (19), (21), and (29) that (a) = 0, v1) = 1/m) 
m 


co , 
ey asi he Nl Ce, (0) (OW pera * 
Py = mipok® oa pot ce (On (ikb sin 8"), (32) 
co D ro) 
: Ce, (0) 
= — a (ee eay 
A ikp 2 an Ce,, (0) eee B, = 2 Am cae (v) + Om Sin ) ? (33) 


where S,,(v) stands for the following functions 


r/2 
85 ()) = al \ er 8 %cos mn dn — a2) sin aE (34) 


4) e 
0 


for which we obtain, integrating by parts, the following recurrence relation 


1 2 
Simp (v) = a Sm—1 Y) = = Sim (v) — Hi (Oe af Gun) cos 
(niente Pd), (35) 


This relation determines all the functions Sp(v) in terms of So(y) and S;(y). The latter has 


been investigated in [7] and are expressed in terms of the Bessel functions and the zero-and 
first-order Struve functions Lo(y) and Lj(v) of imaginary argument [8], in the following 
manner: 


Sov) =F (Low) +L), AWM =Z(hw+L)), (36) 
with the following identities derived for the Struve functions [7] 


Lo (v) = — = [Io? (*) Ky (v) — Ko" () Lo )], Za () = \ Fo (») av, 
La (v) = = [Jo7 (v) Ks (¥) + Ko" (v) Ls (v) — 1], Ko* (w) = | Ko (») av, 


where K,(v) are modified Hankel functions of imaginary argument (Macdonald functions). 
To determine the constant Cj contained in the solution (25) it is necessary to satisfy 
condition (14). The integral term in this condition is best calculated with the aid of equation 


b 
fa: \ FHS tk (yt + (2 — 9)""1ds, (37) 


in accordance with which we get 


(38) 


BB b 
~~ Vive i oft 2 
(em dz = + | FQ (3) — HY (kb — 9) as. 
b —b 


Q (s) = e-? \ e~ PtH”) (kt) dt. 


b—s 


(39) 


The procedure for further calculating the individual coefficients in (14) is approximately 
the same as in problems involving the vibrations of thin wings in subsonic streams [9], and 
we therefore omit the details of the calculations. 


1661 


As is well known, the solution (25), which we obtained in the form of an expansion in 
Mathieu functions, can be used in calculations for values kb < 1 and kb ~ 1, and is inconven- 
ient in practice for values kb > 1. On the other hand, when kb « 1 the limiting solution (25) 


assumes a simpler form. When kb < 1 we have pW ~ cosn7n exp (-né) and ol?) 
~ sin nnjexp(-né), with ol) ~ é, and all the calculations become much simpler. Consider - 
ing, in particular, the diffraction of surface waves on a slot, i.e., when B= igg (p=Kshag), 


we get in this case (0, z) = exp (—pz) and U(z) = const. Therefore condition (14) becomes 
simpler 


- P (tad sb 
i=-A —\le 12 3, a2 => “lis (40) 
b 


where when kb «< 1 the function f is determined in effective form 
f = a& + const, (41) 


in which the inessential constant can be discarded. At the point of the z axis we have 


of a RA. or a, 
Oy obsinn’ = == (0). 0 =< nan op bane” ti—a08 (0) (42) 
On the basis of (13) we obtain 
A (+h, p) = maolo (v)  (v = pb) (43) 
Taking also account of the equality 
[ envened& = Ko (v) (44) 
0 
and using (40), (42), and (43), we obtain 
age : Als hcp) ay) (45) 


miph Io (v) — Ko(v) ’ tph UT (Vv) + ik, (v) 


Let us separate the active and reactive powers in Eq. (20), assuming Py, = 2Pg+i2Py,; 
we can then readily establish that 


4 -1 (A (v))? 4 ay (v) K 
Pa =P, = 7 poh ph ae P, = — poke MoO) An O) (46) 
1 


(Aj= (xph™ Io (v))? + Ko (v)), 


where P; is determined from (7) and (45), so that the total active power is consumed entirely 
in the production of surface waves. This result is not unexpected, for when kb « 1 only the 
surface waves are radiated, and no cylindrical waves are radiated. Furthermore, we get 
from (21), (34) and (42) 


V ts b So (v) 
Pok ph Io (v) + iKo(v) * (47) 


Consequently, the complex radiation admittance is determined by the formula 


ate Pr in k a S : 
a VE [ph-} (Jo (v))? — nil (v) K,(v)]. 


29552 (v) 


(48) 
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Let us stop to discuss in greater detail the numerical values of transmission coefficient 
of the surface waves: 


Do = iph“A (h, p) =|Do|e-,  |Do| = a 
1 
Ko (v - 2) 1p k 49 
89) = ee ph? = (4.— pr), B.=+- (49) 


Here fg is the slowing-down coefficient. It must be kept in mind, however, that we 
| have assumed that pb/hb ~ 1, and therefore this approximation in effect disregards the 
_ slowing down and can be used for estimating purposes only when Bg is small. Figs. 2 and 3 


show the plots of |Do| and Og vs. v when fg = 0 and 8 = 0.6. It follows from calculations 
(89 = 0) that when p= 0.02 we get |Do|=0.61 and 6) = 52°, and when p= 0.4 we get 
|Do| = 0.95 and @9 = 19°. To discuss this data we introduce the effective height A = 1/p 


Fig. 2 Fig. 3 


of the zone of action of the surface waves; it turns out that when A< 2.5b all the surface 
waves are transmitted and none are reflected. This means that the surface waves are capable 
of penetrating through the narrow slot (kb « 1) and are only slightly distorted when A< 2.5 b. 
One might therefore think that in relation (22) the predominant role is assumed by the first 
term (the Kirchhoff approximation). On the other hand, the transmission coefficient can be 
calculated with the aid of the exact formula [3] 7 
b 
PN OOF ne ay 
D, = ie SAE pz dz, (50) 


If we notuse the Kirchhoff approximation, putting ao / dy~ — ih exp (-pz), then we obtain 
from (50) 


Do =~ 1 — e®, (51) 


which is represented by the dashed curve in Fig. 2; this leads to values that are by far too 

low, whichis quite understandable, since this is the least favorable case for the approximation 

considered [3]. 0 9 
Let us also consider the expression for the relative value of surface current i, = i,/k 


determined in accordance with (16) and (24) in the form 


je aves | ere (52) . 
1 
(Zo = z/b). 


Fig. 4 shows a plot of [i2| vs x =p(z-b) when fg = 0. The same plot shows the limiting 
curve ‘a = 2 exp (-pz) (pb = 0) corresponding to total reflection of the incident surface waves. 
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Fig. 4 Fig. 5 


3. DIFFRACTION OF WAVES ON A RIBBON 


Assume that an arbitrary specified field, characterized by a function go(y, z), strikes a 
perfectly conducting ribbon, placed perpendicular to the impedance plane (Fig. 5). In this 
case it is convenient to specify the total field over the entire upper half-plane with the aid of 
the function ~ + go, where the scalar function @ determines the field of the scattered waves. 
In such a formulation the boundary condition on a perfectly conducting ribbon has the form 


iy pay ite G0, OZ 2 bb, (53) 


and this condition for the function (3) yields 


0 ° / 0 a) 
3p = C2 —\(ge +P) Bede = U (2) for y= 0, 0 <2 <d, ee 


where the constant Cg must be determined when the condition (53) is ultimately satisfied. In 
addition, on the basis of (4) the values of 3f/dy continue into the lower half-plane in even 
fashion. For the function og, determined from (9) we obtain 


U (2) = Ca + ctg B (ik sin B + + p) (ei*#sinB 4 eine sin By, : (55) 


From symmetry considerations it is obvious that f(-y,z) = -f(y,z). Therefore the 
values of the function f on both sides of the segment (-b, b) of the z axis are opposite in sign, 
and the function f vanishes on the remaining parts of the z axis. Taking these properties into 
account and contracting in (6) the contour L + L* to the segment (-b, b), we obtain 


b b 
A (th, p) = ih\ fromdz = +it | Lemas (=4 (40,2). (56) 
—b —b 


Differentiating (5) with respect to y and setting y = 0, we get 


6g ‘Of Pa OE yd 
ip = 5p — ve-™ \ ev Lda + pA (h, per. (57) 


—oo 
We now satisfy condition (53) and arrive at 


Loe} 


b 
\ pee SS pete I —pz 2Po gz 
ren ttae mann en prv), rien ta 0 


0 


which determines the constant Cg. For incident surface waves (10) we have U=Cog and 
(57) simplifies somewhat 


co 


\ ripe le y 
p\ Gwe: jy 1 SSP) SOO a 1 (59) 
5 
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while the transmission and reflection coefficients of the surface waves are connected with 
A(+h, p) by the relation 


Do =1+iFA(h,p), Ro =ifA(—h,p) =1—D,. (60) 


In this case formula (20) remains in force for the complex power Py, calculated similarly, 
and the incident waves must be taken into account in calculating the mean power P+ carried 
by the surface waves as y — ~; we then obtain 


Koh 
oe Woe (61) 


On the basis of (5) and (56) we readily determine the surface density and the total current 
flowing in the ribbon z 


is se Dkte-P*| pe eG? 
b 
R on aft 
I,= \ ied = ie (1 — eP2) dz. 
0 0 


(62) 


We note also that for the function (10) we can obtain a simple expression for the voltage 
V between the upper edge of the ribbon and an infinitely remote point: 


V = ikp,\ PEO) as = p, = C2. 


b 


The solution of this problem is constructed in the same manner as before, by expanding 
f in powers of odd Mathieu functions 


SLAC) oe SAS) 63 


é ee ks 
This relation satisfies the condition f(0, z) = 0 when |z|>b. Satisfying in addition the 
condition (54), we obtain expressions for the coefficients by 


(ore) ™ 


i = > Bumd?, 2? = = \sin yH sin mnU (b cos y) dn, (64) 


m1 0 


and for the function (55) we determine a(?) in terms of the Bessel functions (6; = 1, 6,, = 0 
when m # 1): 


d® = b [SnC2 + 2m etg B (4 — (— 1)™) (14 Tat iT, (kb sin p) |. (65) 
It is easy to establish general expressions for A(+h, p) and I,. For this purpose we take 
into account (56), (62), (63), (31), and (34) and obtain ultimately 


Ee) & Se, (0) (2) (2) | (66) 
A(+ h, =-+ Ml— yp, 7 bpDr 5 LH = ! MB mlm 
Ma oes P Se, 0) 2, 
presen (0 _ 
dy Sy oe a > as geal NG = > BrmMv"S m (v) (v = pb) 590) 


P Se, (0) 


(i! | n m=1 == 
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For the final solution we must determine Cy with the aid of (58). The first integral 
term on the left side is best transformed first with the aid of the equation 


b 
paid | ra? a@—s9tyy as, (68) 


—b 

so that we get 
0 F b 
\ em Soda = 5 \ ft le (PHY (kO —9)) — 
b 


—b 


— kH® (k (b — s)) — h?Q (s)] ds, (69) 


where the function Q(s) is determined from (39). 
Let us investigate the limiting solution for kb «<1 in the simplest case, that of incident 
surface waves (10). The function f is determined here simply as 
f = — bC2e— sin 4. , (70) 
From (56) and (59) we obtain directly 


1 i 
b ph, (v) + nil; (Vv) ’ 


A(+h,p) = +ni2C2h (vy), C2 = (71) 


and therefore, in accordance with (60), we have for the reflection and transmission coeffi- 
cients 


nly (v) 


Ry ~~ sly (v) —iphK, (v) ’ 
ee ee 
0 ph*Ky (v) + wil (v) 
= —i0, _ _ whi (v) (72) 
=|D,\e a (tg: = Sites)» 


with P, = P;, since ReDg =|Do| 2 and is brought about by the same factors as in the case 
considered earlier. 
Figs. 6 and 7 show the dependences of |Dg| and @9 on 
/Dyl v. We see that when p= 1.5 the surface-wave transmis- 
sion coefficient vanishes, and consequently total reflection 
of the surface waves, without transmission, occurs only 
when the effective height A = 1/p is not greater than 2/3 
of the width of the ribbon. 
Let us compare this data with the Kirchoff approxima- 
tion, which like (50) is determined from the exact formula 


co 


Cc 
; gr : a) 3 
De #\ oe dz =~ 2i £\ Fy ode == Cry (73) 
5 b 


The relationship (73) is represented in Fig. 6 by the dashed line. 
We now substitute (70) into (62), and obtain for the total current 


y= 1bC,S, Wyse le @ Deon (74) 
Fig. 8 shows a plot of |1z|/Ip (8p = 0) and the limiting curve I,/Ig = p71 (1 - exp (-p)) 


corresponding to total reflection of the incident waves (dashed line). It follows from the 
figure that max|I,| = 0.695 Ig is reached when p = 0.78. 
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A 
OI 
06 
a7 
06 
05, t— = 
OY J [ J 
| 083 | 
| i TSSss 
ay = 
oe 0 | IL i 
a4 a8 12 16 ¥ 1 2 i) 4 Bi 6 Tey 
Iasi Fig. 8 


In conclusion we note that the exact solution developed here for a ribbon generalizes, 


from the mathematical point of view, one of the solutions in reference [10], while the limiting 
problems concerning diffraction of surface waves on a slit and on a ribbon at kb « 1 corre- 
spond to the hydrodynamic problems [11, 7, 12] investigated by a different method. 


it 


Tag 


12. 
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DIELECTRIC WAVEGUIDE WITH 
ELLIPTICAL CROSS SECTION 


L.A. Lyubimov, G.I. Veselov, and N.A. Bei 


The principles of the theory of a dielectric waveguide of elliptical cross section are 
developed. The analysis is limited to a derivation of the dispersion equations and of the 
critical conditions. Results of calculations of the dispersion curves for the main modes 
('even' and 'odd') and critical dimensions with respect to the nearest higher modes are de- 
rived in a form that is comparable with the case of a round cross section. 


INTRODUCTION 


Dielectric waveguide behavior is exhibited by many waveguide devices containing dielec- 
tric plates. Examples of such devices are phase shifters, polarizers, and units with ferrites. 
The understanding and a quantitative estimate of the phenomena occurring in these devices 
are hindered by the lack of a theory of the dielectric waveguide of elliptical cross section, 
for in most cases dielectrics of drawn (rectangular) section are used. Many complex phenom- 
ena have been investigated in the papers available to us on the theory of the dielectric wave- 
guide [1, 2, 3, and others], but the dielectrics considered are always round. The case of 
elliptic cross section necessitates many cumbersome calculations using Mathieu functions, 
and also the use of sensible simplifications. The calculations and simplifications made en- 
abled us to obtain many important relationships, including dispersion equations in relatively 
simple form, amenable to further treatment. 


1. ELECTROMAGNETIC FIELD COMPONENTS 


An analysis of the wave processes occurring inside and near a dielectric rod of elliptic 
cross section (Fig. 1) is made by using a system of 'elliptic cylinder’ coordinates (¢, n, z). 
The coordinates € and 7n are connected with the rectangular coordinates x and y by relations 

Ti CiCheracosiny 


y 


I| 


¢c sh & sin ». 


The parameter € determines the degree of ellipticity of the cylinder, and the quantities 

ech € and ssh€ give the characteristic dimensions of the cross section (semi-axes). The law 
of variation of the field components along the z axis is assumed for the forward wave to have 
the form e~Y4, where y is the propagation constant. The wave factor exp[j (wt - yz) | is 


omitted throughout. 
We take as the initial quantities the longitudinal components of the field Ez and Hz. The 
wave equations 
NEZ = ©7 eub, = 0; 
AH, + oenH, = 0 


assume in the case of the elliptic-cylinder coordinates the following form 


VE, 86, 92 
oe 1 op = — Erg Ich 2— — cos 2m], (1) 


2 
where 92 = Ko 2; K2 = y? at we jz; © — parameter of coordinate transformation. 
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The solution (1), sought in the form E, = F(¢) H(n), 
leads to the equations 


ane ar (0 == c0s 2n )H = 0, oe 


— ( has ch 26) F = 0. 


The constant ) should have a value such as to yield, 
for a specified 92, periodic solutions of the Mathieu equa- 
-tion for the function H(7). The numbers of the parameter 
d for each 6? will yield the numbers of the wave harmon- 
ics (with respect to the parameter 7. 

Further analysis is made difficult partly because of 
having to use the untabulated radial Matheiu functions, but 
principally because of the difficulty in formulating the 
boundary conditions. The point is that the parameters 


KS and Ss (for the internal and external regions of the 
dielectric waveguide) differ in magnitude and in sign 


[Ke >> WE Kes < ae The parameters of the wave equa- 


tions e2 a 93 are accordingly also different. Because 


f this the angular functi C,,(0, and , are 

of aes aes NCL Sn(6, 1) Fig. 1. Shape of dielectric wave- 

guide (a) and coordinate system 
employed (b) 


not the same for two regions on the common boundary 
3 = const (Fig. 1). In other words, in order to equate 
Eleatically the tangential components on the common 
boundary &, = const, it becomes necessary to use series of angle functions, which makes the 
problem very cumbersome as a whole. 

For the outer region we obtain the following expressions for the components: 


(oe) eS) 2 
_ 5) A,Re, (82, 8) C. (82, 0) +) Cv Rsy (Ba, 8) Sy (82, 0), o 
y=1 yy 
pees B,Rey (82, &) Cy (82, 0) + 2 Dv Rsy (82, §) Sy (82 0), (3) 
v=1 v=1 
= 1 = > i] 
ae Pore a 


Ye 


ie v> CLR's, (Oe, 3) S3 (Be, n)+ 


v=] 


~ jops >) B,Re, (82, 8) C, (82, 9) + jousD D.Rs, (82, 8) 8; (82, |, Se 


v=1 Ms [ 


1 , 
ices ——————— A,Re, (82, §) C, (82. 
mova lt >} cy (Be, 8) C, (Be. n) + 


+ 71>) Cy Rs, (82, §)S, (62, n) — 
= 
= jou, >} B,R’c, (82, &) Cy (>, 9) — jos >) DvR's, (O2, &) Sy (Oe, n) | ; (5) 


v=1 v=] 
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ce 


ds wa ee, Agen eee ee 
a Ni! } ch? — — cos? et 


oo 


— jwes >: C,Rs, (82, &) Sy (82, ) + 


v=1 


= iif bes thivel(oy Sy t6s, (ia n)-+ Ge »] DOR Ss (de, 3) ‘Se (O2, »)| - (6) 
v=1 v=1 : 
We? = ee ele [joes S) A,R’c, (82, &) Cy (8, n) + 
Neve } ch? & —cos? y a 


v=1 


— joes >) C.R’s, (82, &) S, (82, n) + 7 Dd) Bue, (Oe, €)C’ (G2, n)+ 


v=" v=1 \ 


°o 


SD. Rs, (Be, 8) 5%, (82, 0)], (7) 


v=1 


aa 


where Re,,, Rs), Cy Sy — radial and angular Mathieu functions (even and odd) of order yp. 


In the internal region the components are also expressed by the series 


Ei = BS Ate; (91, 5) Cr (91, n) =F > C Rsk (8, 9) Si; (9, nN), (8) 
ke=1 k=1 

Hzi= > ByRex(01, 8) Ce (01, 9) + Dy Di Asx (81, &) Se (8x, 0). (9) 
k=) k=1 

The transverse components are expressed by formulas similar to (4) — (7). 
2. BOUNDARY CONDITIONS 
The boundary conditions can be written in the following form (with & = &9) 
Eni ee es lel) =S Epes ie — 1B Jalna 7 Li ai (10) 


In examining (10) together with (2) — (7), we notice the following. The first two relations in 
(10) actually relate with one another the coefficient A', and Ay , C', and Cy, B', and B, , 


D', and D,,. The third and fourth equations in (10) contain the even and odd functions of the 
parameter 7, which when separated yield separate equations connecting Ay ; D, , A', with 


D', and Cy; By» C';~, with B',. 


Thus, the waves described by the harmonics with coefficients A, A' and D, D' are inde- 
pendent of the waves with harmonic coefficients C, C’' and D, D'. The harmonic series can 
also be grouped by the symmetry conditions with respect to the parity of the numbers yp and k. 

The wave types considered below have both electric and longitudinal components, one of 
which is an even and the other an odd function of the parameter 7. In this connection, the 
distinction between even and odd types, assumed for waves in a metallic waveguide of elliptic 
cross section [4], will in our case be arbitrary. In order to retain their inherent advantages, 
it is nevertheless advisable to classify as even the waves with components 


and as odd the waves with components 


Ez,e= >) AyRe, (82, &) Cy (82, n) 
v=1 

Hze= >) D,Rs, (82, &) S, (82, n) 
v=1 


Using odd waves as an example, we write out the boundary conditions (10) in expanded form. 


_ The first conditions assume the form 


dA, Re, (82, &o) Cy (92, 9) = DA, Yi Av wlier (9,, &0) Cy (81, n), (11) 


> DR, (2, £0) 5 Bw (Se, n) =» D.S. pRsp (O1, =) Si (o. n), (12) 
B 


p- 
where A), , and ak are the coefficients of expansion of the functions Cy(@, n) and 
S,,(62, 7) in functions of the parameter 61, multiplied respectively by Re,, (62, &0)/ 
/Rex(61, &) and Rs (62, £0) / Rs (81, £0): 


The third and fourth conditions can be recast in the form 


l 
‘ge 9a) D4 Re, (1, &) C:(82, n) = 22ND, DP. iR’sy (B1, &) 


Sd 
v Ke, iu 
x Sx (Oy 1) — SSD, Fee SPrakton Br be) Se (Ors, (13) 
Bey b 
Ae a 7) 2» Rs, (82, &) S’, (2, 0) = FED baton (Os, 2)x 
x Cx Orn) + HY A Fete ey 1, nFey (Br By) Cu (Ors 0) (14) 


Expressions (13) and (14) contain respectively only odd and even functions of 7. Both equa- 
tions can be converted into may identities ‘by expanding the functions Cy, (82, 7) and 


S',(82, 7 mn) in powers of §,(0;, 7) and Cy(61, n), namely 


C, (82, 9) = S) Ay wSe (81, 05 Sy. (82, 0) = SDy.nCx (81, 0). (15) 


es hk 


3. DISPERSION EQUATIONS FOR THE FUNDAMENTAL WAVES 


Taking (15) into account, conditions (13) and (14) each break up into several equalities 
for the coefficients in the corresponding forms of functions: 8;(61, n), S3(61, n), $5(61, 7), 


etc. Each equality contains yp coefficients A), and y coefficients Dy (a total of p and yp). 
For the system of equations to be compatible it is essential that 4 and p be equal to twice 
the number of terms in the expansion in the parameter k, i.e., to the total number of equa- 
tions. For practical calculations (bearing in mind the specific calculation conditions 61 < 4 


and | @2| < 4 specifically for each type of wave) we can take two functions in each sum, since 


the remaining harmonics are coe small. In this case we obtain the following relations 


ee sa) Res (Bn &) - A, + Ast (Ga 7 hs 


a3 


; ba Hh R's; (01, Eo) , [Os pr y 
Rey (02, &,) 4’, + ie et Be, bo) Fttpey + Ee R's (Bas &5) | x 
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=] R’sx(91, 0) , 7OM2 pr, a 7 Es 0, 

<Dyt+ Ds| 10m Rs, Gob) ge ter Fa R’sz (82, b0) | Dey (16) 
1 \ On ee eas (8 ; 

Aut | re — ay) Rea (8x &0) Aig + Ast ( Za aa) Bes (92, &) Ai, + 


Cy 
R’s3(O1, §0) 9, 1@b2 pr, P 
JOU 5 3 sy Oh, 13 eae 
nas, Be = Ri (82, &0) Rs3 (91, So) * bine igh a 


¢ 
= 1 


Sed a R’s3(O1, Go) , [@be2 97 3 = Os 
Ds | ae IRS (Wse 1S) “Rea (Ou, Ea) yc SC. t) | ee Ce 


2 
C2 


Cy 


We s Re (91, &o) JE. pr 
181 P- i R’c, (Oo, Axi 
Ay | eo Res (92, 80) ae ey ee (8 &.) | ul 


L Cy 


7 R’cy (91, Eo) JM82 pr, /, ee As 
+ Ay [1M Rey (Be, By) Fees — BE Res (OB) | Ast + 


+ Dix | = 4 ) Rs, (8, Ep) Di, + Dar ( a wa az) Re (8, 0) Di, = 0, 
phe (18) 
4, [tae oy Beka — ties oy] + 
A. ie Rey (Os, &) eee = ie R’'cg (9s, &.) | Wy, 2 
ie = ) Hs (2, &0) D’, + Dar | ez Ge | Rss (Be; Eo)D’s2 =0. (19) 


In expressions (16) — (19) the coefficients A, Jk and Du, k are coefficients of the expansion 
of the functions C,, (82; n) and Sy (62; n) in functions of the parameters 61, without 


introducing additional factors (as was done before). 
The multipliers of Ay; Ag; Dj; Dg in (16) — (19) will be denoted respectively a,j, a19, 


413, 2143 231, ag9, agg aga; dy1, yg, dyg, dy4, dg, dge, dg, dg4- Then the dispersion 
equation corresponding to (16) — (19) is written in the form 


Ay, Ag, Ay, dy, 
diz a32 dig d32 


i: (20) 


ai3 ds3 diz dss 


Gia dsa dia dss 


Even in the form (20) the dispersion equation is still too cumbersome for calculations, and 
further simplifications are desirable. For this purpose we note that in the fundamental mode 
the most strongly pronounced is the fundamental harmonic of the angular function, i.e. ; 

A, > Ag and Dj > Dg. If we also take it into account that A'j, > A'31, D'y, > Dai, 


Ay, > Ag, and Dy, > D3, we see that relations (6) and (18) can be simplified by discarding 
the small second-order quantities (which amount to about 1 percent of the fundamental terms). 
As a result we obtain approximate relations which we shall call for brevity the 'fundamental' 
approximation 


Avr (ga — gz) Res (82s B) Ann + Dy [Pees (0, 8) FEED 
+ ee Rs (8», t) | Di, a 
As [Ee Re (Oo Be) area — ge Pe (Bos Be) | Ass + 
+ Dar (gz — jz) BO Be) Da = 0. (22) 


| 


The system (21) and (22) yields a dispersion equation in the form 


7 4 4 cea opp Hy R's (91, 0) Ms  Risi (92, Bo) | 
ee Ke aa Bs K? Rs (81, Go) © K2 Bsr (Ba, Go) | ” 


e, Rey (81, Eo). 4 R'ey (Oe, | . 


a ke Res (1, &) K2 Res (Oa, &6) (23) 


Here ie = W3/p9; €y = €1/€p- In the remaining equations (17) and (19) the products 


AjAi3, A3A33, D1Dj3; DgD33 etc. are of the same order of smallness, so that these equa- 
tions enable us to calculate Ag and Dg into terms of A; and Dj, and calculate the field 
structure as well as make other investigations. 


Multiplying (23) by (c2)2, we recast it in a more compact form. We obtain for the odd 
fundamental wave (HE) li 


72 { 4 2A D,, tH 
wu, €, (33 ra AyDiu 


E R'ey (81, 0) 1 Rea (Ba, Eo) il By Résr (81, Go) 1 R's (82, &0) | 


02 Rer(t1,&) 82 Rey (Be, Eo) 02 Rs1 (91, &) + 62 Rs (be, &0) (24) 


The dispersion equation for the even fundamental wave (HE) 45 assumes in the case of the 
fundamental approximation the following form 


87 Rab) — 92 Ra (Ba £0) oF 2) 


he é., R's, (81, Eo) 1 R's, (82, Eo) BL, Rey (4, Ep) 4 Rey (Se, Eo) 
§2 Fer (hi, Eo) ' 03 Rex (G2, 0) 


4, DISPERSION CHARACTERISTICS OF THE FUNDAMENTAL WAVES 
The slowing-down coefficient of the wave in the waveguide will be denoted by m=)/Xg. 
Here i is the wavelength in the system under consideration (in the waveguide) and ) the 
wavelength in the outer medium at the same frequency. We also use the notation 


— m2 
ep — me 


Da ee. 

O/B: = 4 —m? X 
rus yea aes 
AyD Cy By 


and obtain the dispersion equations in the following form, which is convenient for calculation. 
For the (HE) 44 wave 


1 14 Rey (01, Eo) x K’ey (Ba, &o) 
me = Dy EB 1— x Rez (91, 0) 1— x Key (82, €o) 
1 R’s, (81, &) 4 K’s1 (92, &o) | (26) 
x | Pr T— x Fs; (9, £0) = Kisy (Oa) E5) 7 
F HE),§ wave 
or the (HE)17 ; / eat ACRES) x K's, (82, Eo) ] 
ala Dd; [e 1—y Rsy (91, Eo) 1— x Ks, (82, 0) | 
1 R’cy (91, Eo) % K'cy (82, Eo) | (27) 
x [ps 1—x Rey (81, Eo) (i Key (Or ncoel 
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Rej(61, & ) and Rs1(6,, f)) are as before the even and odd radial Mathieu-Bessel functions 
of the first order; Ke 1(@9, &)) and Ks,(@9, & 9) are the even and odd radial Mathieu-Mac- 
donald function. By @) we mean here the modulus of the quantity, as is usually done in the 
notation for the Macdonald functions. 

There are no published tables or curves for the radial functions mentioned above, and 
we therefore had to calculate these functions and their derivatives with respect to ¢ especially 
for this analysis. We used the expansions cited in references [5, 6, and 7]. 

The calculation of the coefficient Dj has yielded the following relation: 


(By? (81) By? (82) — 3B, BY (2) +5BY (01) BY (02) — - -] 
[AP (81) By? (82) — Ag? (91) BS? (2) + AM) (81) BS? (O2)— .--] 
\ LAY? (83) Ap? (2) — 349? (91) AY? (82) + 54Q9 (Bx) AQ? (82) — = 
(Ay? (82) By? (81) — AG? (82) BY (81) + AQ (Ge) BY (1) =...) 


Dp = 


* 


(28) 


Here A@) and BM) are the coefficients of expansion of the even and odd angular Mathieu 
functions in powers of trigonometric functions cosm7 and sinmy, which are found in the 
handbook tables [8]. ; 

The result (28) will not change if we interchange 6, and @, in the formula. This condi- 


tion, together with an account of the properties of the series for B(n) (@) and A(n) (0) 


enables us to obtain for Dy, (6, Q) the following form of approximating function 
Di = —14 aeedi 05+ ae} 03 (OF + 03) + audi Of 4+... (29) 


In (29) we mean by 5 the modulus of the real value of 65. The calculations yielded for the 
coefficients of (29) the following values: ago = 0.404 - 1072; ao, = 0; agg = 0.44° 10-9, 


Fig. 2. Dispersion charac- 
teristics of the fundamental 
types of waves: 
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Solutions of the dispersion equations for the case of electric-field polarization parallel to 
the major axis of the ellipse (odd wave) and transverse to the major axis (even wave), for 
Eo=1e c/a = 0.648), are presented in the form of dispersion characteristics on Fig. 2. 
For comparison, we show by means of dotted lines the dispersion curves for a dielectric 
waveguide of round cross section, the horizontal scale being recalculated under the condition 
that the cross section areas of the waveguides be equal. 

It is appropriate to note the wave-process features that are connected with the ellipticity 
of the cross section. As can be seen from the curves, when the electric field is polarized 
along the major axis of the ellipse (odd wave) the charcteristic shifts to the left of the curve 
corresponding to the round cross section. For the even wave the situation is reversed. This 
means that in the case of the odd and even wave the same concentration of energy in the di- 
electric occurs at different frequencies. In our case (EQ =1, e = 0.648) the difference in 
frequencies for ¢,, 2 10 exceeds 10 percent. 

A real wave process can be excited in such a way that the energy is distributed between 
the even and the odd waves. Owing to the difference in the velocities of wave propagation, 
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_space or in a metallice waveguide tube. 


the polarization of the total field will change along 
the z axis from purely linear to elliptical with a 
right ellipse, as shown schematically in Fig. 3. 
The dispersion curves plotted for different 
values of the parameter £9 (or b/a) enable us to 
explain and calculate in many practical cases the 
effects of a dielectric waveguide produced by rec- 
tangular dielectric plates, including hydrodielec- 
trics (ferrites), under different orientations in 


5. CRITICAL CONDITIONS FOR HIGHER MODES 


The main approximations of the dispersion Fig. 3. Pattern of change in polariza- 
equation can be obtained also for the case when tion of total field along the z axis 
the angular harmonics of higher order predomi- 


nate, i.e., for higher modes. The equations of similar to (26) — (28), the only difference 
being that the lower indices must be replaced by vp. 2 9 
Near the critical conditions, ~y2 approaches weous and |65| =|0°Ko,| -~ 0. In this 


connection, we must substitute in the dispersion equations, in place of K'c,, (62; E>) / 
/Ke,, (62, &) and K's,, (82, &) /Ks,, (6g, €o), the limits of these ratios as @ - 0. 

For practical purpose the greatest interest is attached to an analysis of the dispersion 
equation in critical conditions for the (EH) 95 and (EH) 21 modes (1% 2). We give without the 
cumbersome intermediate steps the aforementioned asymptotic relations for the case p = 2: 


lim ‘eo (2. &) = Jim K’s2 (92 €) _ 5 
ae 2Kea (9, E) oa 2K so (Ye, E) (1 ++ B,? a2), (30) 


where 


Using (30) we obtain the dispersion equation ufider critical conditions for the odd wave in 
the form 


2 R’co (81, §o) 2 2 2 Riss (91, &0) 
[— ei Reracey + 208d + 2908) | Oho See t 
+ 28? (1 + a203)] = +De (O{+ u,e,05) (03 + 84). (31) 


The analysis yields for the coefficient D2 the following formula: 


no LAL? (81) BY? (82) — 24? (81) BY) (G2) + 34g? Ox) BG? (82) — 1 
[—24©) (83) AP? (92) + AP) (81) AP? (2) — AP? (81) AQ? (2) +] 


Tire 


[A® (82) BE (91) — 24) (2) BE (81) + 3.42) (92) BY (1) —- - -] 
[BO (91) BO (8) — BO (%) BO (%) +. -] 


In the operating range of @; and 69, the coefficient Do, like the coefficient Dj above, 
can be sufficiently well approximated by a function similar to (29). The calculations yield in 


this case the following values for the coefficients: ag2 = 7.70- 1073; aga = -2.43- 10-4; 
ag4 = 2.60° 10-5. The error in the calculation of Dg by this formula is in effect only in the 


third significant figure. Using this approximation and confining ourselves to the second 
power of 99, we obtain from (31) 
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> et Eeaoae Rica (91, Go) eee | poesia 
0; — ay Uy is [e “Ree (94, Eo) eile Rsz (91, &o) “3 one 


= + (Of +p,e, 01 05+ 810; — a2) 0; — doy Of 93}. 


If the curly brackets are preceeded by a minus sign and |e3| +0 then the equation can be 


satisfied only when one of the fractions becomes infinite, i.e., one of the denominators 
vanishes. This corresponds to the root-type critical conditions in the functions Rs and Re, 
i.e., to waves of the so-called B branch [1]. In a waveguide with elliptical cross section this 
branch, as we see, splits in accordance with the even and odd functions. A different sign in 
front of the brackets yields critical conditions not determined by the roots of the functions Rs 
and Re (branch A). For this branch we obtain in the case of the odd mode (HE) 94 


Risa (91, $0) _ Bex (91, So) __ TEN Oy een 
My DR (1, §o) ae 2Rex(O1, Eo) kaa oat ie (32) 
-- (8; daz + OY aoa) 
and in the case of the even mode (HE) 6 
Rex (91, Eo) oh R’sy (91, ) 
Yr Res (Oi, aay | er 2Rsa (01, E>) (My&, -- 1) + 
+ 2ayOi + (Of do -+ OY ae). (33) 


The calculated critical points for the (HE)9; modes are shown on the dispersion curves of the 
fundamental type (see Fig. 2). The points have been calculated by formulas (32) and (33). 

In conclusion it must be noted that the expressions obtained for the dispersion equations 
(26) and (27), for the limiting relations (30), and for the critical conditions (32) and (33) can 
be converted into the corresponding known formulas for the case of a round dielectric wave- 
guide [1, 2, 3], using the limiting transition: §>«, c > 0, where ce& is a finite quantity. 
It must be borne in mind here that the differentiation of the radial Mathieu functions that 
depend on the parameters & and @ is carried out everywhere only with respect to the param- 
eter &. At the same time, in the theory of round waveguides the radial function is differen- 
tiated with respect to the complete argument, which is equivalent to a product of the form 
@ché, @shé or (for large €) Oe&. 


CONCLUSIONS 


1. Relatively simple approximate expressions are obtained for the dispersion equations 
of waves in a dielectric waveguide of elliptic cross section, and also for the critical condi- 
tions of the nearest higher modes. 

2. Formulas have been obtained with which to calculate the field components of the fun- 
damental modes inside and outside the dielectric, with account of the first two spatial har- 
monics. 

3. Dispersion characteristics are obtained for a waveguide with definite ellipticity of the 
cross section &) = 1. 
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EFFECT OF VARIATION OF ELECTRON VELOCITIES ON 
THE OPERATION OF A BACKWARD WAVE TUBE 


V.N. Shevchik and N.I. Sinitsyn 


A linear theory for a backward wave tube is developed, with account taken of the varia- 
tion in the electron velocities and of the attenuation in the system. The results obtained 
explain the sharp increase in the starting currents of low-voltage backward-wave oscillators 
on the low end of the electronic tuning range. 


INTRODUCTION 


Not much research has been done on the influence of variations of electron velocity on 
the operation of a backward wave tube (BWT). Yet in some cases this problem is of definite 
interest. 

Thus, for example, in a low voltage BWT, where the variation of the electron velocities 
can be relatively large, a sharp increase is obseryed in the starting currents at low electron- 
tuning frequencies [1 — 3]. 

The variation in electron velocity was first estimated with a one-dimensional approach 
by Watkins and Rynn [4] and by Johnson [5]. Their analysis describes the phenomena only 
qualitatively, and the theoretically predicted frequencies at which a helix-type backward- 
wave oscillator would cease oscillating turned out to be lower than those observed experi- 
mentally. 

Chang, Shaw, and Watkins [1] investigated this problem by means of a simplified model, 
in which only the coupling between the slow-wave system and the slow space-charge wave was 
considered (large values of the space-charge parameter QC). This approach to the solution 
is rather complicated and lacks clarity. 

It is advantageous to estimate the influence of the electron velocity variation on the oper- 
ation of a backward wave tube by using successive approximations, such as developed by one 
of the authors [6, 7], since the use of this simple and clear method enables us to account for 
many effects that are exceedingly difficult to analyze within the framework of the rigorous 
linear theory [8, 9]. 

The gist of the method is to calculate the field in the system by successive approxima- 
tions, the zero-order approximation being the undisturbed state of the system. 

Starting with the second approximation, the amplitude of the wave field of the BWT, dif- 
fers insignificantly from the first approximation, and the field can be represented in the anal- 
ysis in first approximation, without considerable error, as a perturbation of the 'cold' wave. 

The method uses essentially an energy approach, i.e, to determine the wave field we 
first calculate the interaction power between the electron beam and the field of the 'cold' 
system. 

d In the present paper we analyze in the linear approximation the influence of the variation 
of the electron velocities and the attenutation on the operation of the BWT. 
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The analysis is based on a procedure developed by Lopukhin [10], with which several 
problems in microwave electronics can be solved. Using this method, Lopukhin calculated, 
in particular, the power of interaction between traveling electromagnetic wave and an electron 
beam, with account of the Coulomb forces and of the electron velocity spread [11]. However, 
the results of [11] cannot be used in BWT theory because they are valid only for large yl, 
i.e., for large damping in the system, whereas the method of successive approximations is 
inaccurate at large values of the damping. 


1. DERIVATION OF THE FUNDAMENTAL RELATIONS 


In our problem an electron beam, characterized by an electron velocity distribution 
function having a constant component fo(v) and an alternating component f(v, z) ejwt | enters 
into the half-space z> 0, where an electric field of the form 


iM = BL nieae ol=Gz) 4 


is specified. 

The amplitudes of all the variables will be assumed small, and the average electron 
charge compensated; collisions are neglected. The behavior of the electron beam can then be 
described by means of the linearized kinetic equations 


on Giiaee 
Jo/ e ZT Oy (2) 


Os me OV 


where fy >|f| ; 


; e and m are the charge and mass of the electron. 


dfo/dv| > |af/av 
The expression for the current density, as usual, is written in the form 


Les) 


ee \ IA (OS AN GH 


Using the results of integration of (2) with initial conditions f(v, 2)\2=0 =f(v, 0), we 


have for an electron beam which is not velocity or density modulated (f(v, 0) = 0), and which 
which enters into the space of interaction with the field of the system [10], 


;w@e*.\ 0 ° 


i, = —- a \ (w — 2) Ez (u) ee 2) [1 +o? — 


— 7 &°B.? (u — 2)? +- 78, (u—z)e? -'- O (e4)] du, (3) 


where €= Av/2vq <«< 1 is the parameter of the electron-velocity spread; o(e4) — remainder 


terms of order ¢<* and higher. 
The electron velocity variation spread is characterized here by a rectangular distribution 
function fp(v), with values 


[9 for — SIV <i ans 

f N Y Av on Av 

Io’) = ie for ety Bremer Dy (4) 
I Av Z 
| 9 TODS Oo lee =a eat Co 


where Ng and vg are the mean values of the concentration and electron velocity; Av — varia- 


tion of the velocities of the electrons and the beam. The function fo(v) is expressed with th 
aid of the delta function 6(v) in the following manner: at 7 
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Integrating in (3), we obtain 


= Jol ek 15 —¢2 pjwl eSz Lishees e"Be 
z= mae é Cm iy [e 5 ao Rd 
2B,e° { +. <2 ilo eRe 7 
‘ icy eas pa Oe io ae ees 
2282 eee 3,82 | 28,27 28,e° || 
=e §s “ ae 64 / ij sat ala 62 4 & | ) (6) 


where Ig and Vg are the current and voltage of the beam, 6=y + j8g — jB; B= w/vO; 


Be = w/vo; Vo =/ 2e/mVo . 

For the case € = 0 we obtain from (6) a previously derived expression for the density of 
the convection current [6]. 

The power averaged over one cycle of interaction between the multi-velocity electron 
beam and the field E, can be determined from the formula 


l 


P= > \ i,E,* dz, (7) 


0 


where / — length of the system. 
Using (5), (6), and (7) we obtain for the electronic interaction power 
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oo = — vo/v@) oo — relative transit angle of the electrons moving velocity vo; yo =w! /\Q; 
E = V3/Vo; WL = Ey/. 

When € = 0 we obtain from formula (8) the corresponding expressions for the single- 
velocity approximation [6]. If we are interested in the case of large y/, then by putting 


e¥! > 1 and retaining only the principle term peut , we arrive at an expression for the 
power of interaction of the current with the field, obtained in reference [11] (in the absence 
of Coulomb forces). 


2. ANALYSIS OF THE RELATIONS OBTAINED 


For the case of a lossless BWT line (y = 0), expression (8) can be suitably transformed 
into the following relations for the active (Peg) and reactive (Pg;,) power components 


\ 


= Py 2% [2 (4 —cos Do) — QD, sin Po] + & [2 (1—cos M,) —@ sin, — 


j 2 3 
5 oes Mp + 3 (1 — cos Do) — 2Mp sin @, | 4 ae | 2 cos Do + 
5 ies 
+ 4 (4 — cos Do) + 7 heey en sin Do ; (9) 
) Seo . 
IEG iat (2 sin Do — Do (4 + cos Do)] + & [2sinb,—,(1 + cosM,)+ 
D OF : 
— a (0, — 3sin Do + — sin Do + 20, cos ,) = = (®, — 4sin M, + 
v % 0 


wo? 
+ D,?sin D, — aa cos Do + 3@o cos ) |}. (10) 


Figs. 1 and 2 show plots of the functions Pea/Pot 209 and Per/Poto, obtained from 


(9) and (10) for different values of the electron-velocity variation parameter ¢ as a function 
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Fig. 1 Fig. 2 


of @y, the latter changing as the result of changes in the phase velocity of the wave at con- 
stant values of 1, w, and vg. As follows from the curves of Fig. 1, the power of interaction 
between the electron beam and the field of the system depends strongly on the variation of the 
electron velocities. 

It must be noted that if the electrons are synchronized with the wave (So = 0) the multi- 
velocity beam as a whole draws energy unlike the case «= 0. This result has a clear physical 
interpretation: the slower electrons, accelerated by the field of the system, stay longer ina 
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tube with a fixed interaction length / than the faster ones. This explains also the asymmetry 
of the curves Peg and Pey with respect to &o.. 

This analysis is true for the power of an electron beam interacting with either the for- 
ward or the backward waves, i.e., it permits, in particular, to estimate the reduction in the 
output high-frequency power of an electronic phase shifter, in which low-voltage electron 
beams are used. 


Separating the real and imaginary parts Pog and Per in (8), we find the amplitude of the 
field of the 'secondary' wave 


Ey == Esq aie JE oy, (11) 


induced in the slow-wave line by the electron beam which is bunched in the field of the 
‘primary' wave, which we have specified as the zeroth approximation. 


If K is the coupling resistance of the slow-wave system, we obtain from the energy- 
conservation law 


Ey Eye%? + E2)* 
1 yee <a TRR ( ORK : f nal (12) 
where the power loss in the line Py is given by 
BR ee BP 
ie 2B2K 282K * 


From (12) we obtain, using (11) the components of the 'secondary' field 


‘P,, 13 

Boa = ppt (ACN)? Exe, (13) 
4P,, 

Ey = — pag nC) Exe, (14) 


where 


Relations (1), (13), and (14) enable us to construct readily the distribution of the ampli- 
tude of the field in the tube. 
Using the condition for backward-wave oscillation 


Eyev! + Ey, (1) + jE, (l) = 0, (15) 


we obtain in the general form the starting conditions of the BWT 


CN = 3% re ' (16) 
PoS"Po 
12s = (0). (17) 


When y = 0 we can readily obtain by graphical analysis a plot of the starting current of 
the backward wave oscillator vs. ¢€ (Fig. 3). 

We note that this analysis is valid for small CN (on the order of 0.5 and below) : 

It is interesting to estimate the validity of the approximation used in the analysis. In : 
expression (3) we discarded terms of order €* and higher. Inclusion of €* in the calculation 
of the current density and the power of interaction between the electron beam and the field of 
the system results in a much more complicated expression for Peg and Per and thus makes 
it difficult to determine the starting current. This calculation was made for the particular 
case 9 = 0. An estimate has shown that the correction obtained by taking this term into 
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account is very small; we can therefore employ relation (8) with a sufficient degree of approx- 
imation. However, extrapolation of (8) to the case of sufficiently large ¢€ can lead to princi- 
pal errors. For real slow-wave system lengths in low-voltage BWT (9g =~ 407), the value of 
€ calculated from the resultant formulas should not exceed 0.02 
st EF U/ [op €=0 (in Figs. 1—3 we assumed for purposes of illustration mg = 207, 
) : = and therefore the formulas are valid up to € = 0.04). 
“ a } In our problem we did not state the specific reason for the 
variation of the electron velocities. In particular cases this can 
be due to the drooping potential, characteristic of low-voltage 
BWT. The model considered in this case differs from the spe- 
cific systems in that the electrons with different velocities are 
assumed to be mixed together over the entire section of the beam. 
In spite of this approximation, we can conclude from our 
analysis that the reason for the sharp increase in the starting 
current of the low-voltage backward-wave oscillators towards the 
low-frequency end of the electron-tuning range is the variation of the electron velocities. 
Such a conclusion is confirmed by the explanation of the results of [1], in which it was shown 
experimentally that the reason for the sharp increase in the starting currents is the variation 
of the electron velocities. On the low-frequency end of the range of electron tuning, a theory 
that disregards the electron-velocity variation yields a value 12 ma for the starting current, 
whereas the actual value is 24 ma. The corresponding calculation with the aid of formulas 
(9) and (10) increases the theoretically obtained starting current to 16.7 ma. On the other 
hand, if we determine the value of € from the real value of the starting current, the increase 
is 21.2 ma, which is close to the experimental values. With increasing frequency, the effect 
due to the electron-velocity spread becomes negligibly small very rapidly. 
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CONCLUSION 


In ordinary backward-wave tubes the effect of the electron-velocity variation is very 
small and the ordinary single-velocity theory is true. Only on the low-frequency end of the 
electron-tuning range in low-voltage backward-wave tubes does this variation bring about a 
sharp increase in the starting currents. 
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PLASMA CONTROL OF FREQUENCY OF A 
TRAVELING WAVE OSCILLATOR* 


V.D. Ivanova, V.S. Mikhalevskii 


An experimental investigation is made of the possibility of controlling the frequency of a 
traveling wave tube oscillator placed inside a plasma tube by changing the natural frequency 
of the plasma. A frequency variation which has a jump-like character with a ratio ~ 1:2 
is obtained in the decimeter band. 

The wave resistances and dispersion characteristics are calculated theoretically for the 
case of an unbounded plasma, as are the dispersion characteristics with account of the finite 
thickness of the plasma tube. A qualitative agreement between theory and experiment is 
established. 


INTRODUCTION 


An analysis of the dispersion properties of a helix placed in an isotropic plasma [1] leads 
to the conclusion that it is possible to change the dispersion of a slow-wave system of this 
kind if its geometry is constant. Actually, as shown by experiment [1], the change in the 
natural frequency wg of the plasma makes it possible to change appreciably the course of the 
dispersion. In the present paper, as a further development of previous results [1], we report 
on experimental investigation of the possibility of using the change in dispersion for purposes 
of controlling the frequency of a TWT oscillator with helical slow-wave system and magnet- 
less focusing of the beam. In this connection, we analyze theoretically the influence of the 
plasma on the waveguide properties of a single-helix slow-wave line, surrounded on the out- 


BE. 
side by an isotropic plasma with dielectric constant ¢€2 =1— a. ; wo = 4m e’no/m where 


Ne — concentration of the electrons in the plasma; w — cyclic frequency of oscillations in the 
system, while e and m are the charge and mass of the electrons. We also determined the 
equivalent wave resistances K for the case of an unbounded plasma and calculated the dis- 
persion characteristics of a slow-wave system with account of the finite thickness of the 
plasma layer surrounding the helix. 


1. WAVE RESISTANCES 


The efficiency of interaction between slow waves propagating in a helix and an electron 
beam moving along the helix, is characterized by the value of the wave resistance 


K = |E,|* /26*P, where Ez is the electric field component along the helix axis (the z axis); 


B — phase constant propagation along the slow-wave system; P — total power flux made up of 
the fluxes inside and outside the helix, defined in a cylindrical system of coordinates as 


p= +Re\((HH"IdS = 5 Re \\ (E,Hi, — Bgl’) dS: 
i i 


*Reported at the Fourth All-Union Conference on Radio Electronics of the Ministry of 
Higher and Secondary Education, USSR, Khar'kov, October, 1960. 
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S is the area of the circle of radius r enclosing the helix. The asterisks denote complex- 
conjugate values of the electric and magnetic field components. : 

Performing the calculation of P and K after Gvozdover [2], we obtain by approximating 
the helix of radius a with an equivalent perfectly conducting cylinder, the following value 
for K on the helix axis when r = 0 


R, 1 


i= nalgik A’ (1) 
where 
rat EE a ty 
pr ag ae Ty (#) Ko (¥) 4 (y, %, €): 


x 1, (%) Ki (y) 


S and S' are functions of the arguments x= ay and y = ay, in the form 


S (x) Ba Ih (x) T, (x) z ‘ 


Ty (%) Ty (x) "i x? 
i __ Koy (*) Ka (Ha) wee Bas 
eae aa eau eqra aye 
Y 1g In (%) Ai (y) 
: ee TNC 
4 (y, x, >) wae is («) Ki (y) ? 
% 11 (x) Koy) 


Ip, 11, Kg, and Kj — modified Bessel functions. The parameters yj and y refer to regions 
with and without plasma, respectively, yi = VB? — €k*, y = VB2—k2, k=w/c, B= 


= w/v(B2 > €k2), where v — phase velocity of the wave propagating along the slow-wave 
system. The values of the dielectric constant and the permeability, €1, yw and «go, wo, 
correspond to a plasma’ in vacuum; €¢€ = ey/eq- 

Fig. 1 shows the dependence of K (in ohms) on 
a blier A — the wave length in free space — calculated by 
means of Eq. (1) for specific values of the helix 
geometry and wo, using the condition uw; =o. The 
same figure shows for comparison the values of K, — 
wave resistance of a helical slow-wave system in the 
absence of plasma (dotted). Since K has a large range 
of values and the scale of Fig. 1 cannot be used for 
all curves, the variation of K is indicated in several 
cases by means of a corresponding multiplier. The 
values of wo in megacycles and the geometry of the 
helices are indicated in Table 1. 

Fig. 2 shows the dispersion characteristics, i.e., the dependence of v/c on } for helical 
slow-wave systems corresponding to the data indicated in Fig. 1. The calculations are based 
on Eq. (1) of reference [1]. The first and second numbers on the curves of Figs. 1 —3 denote 
respectively the number of the helix as in Table 1 and the frequency wo. 

As follows from Fig. 1, a characteristic feature of K is that the values of the wave re- 
sistances in the presence of a plasma are several orders of magnitude greater than the cor- 
responding values without plasma. This situation remains true also for small ,. Thus, for 
example, although for the helix 11 the values of K are small in the wavelength range 1—10 
em, nonetheless they are two orders of magnitude greater than Ky in this range. On going 
over from positive to negative dispersion the power flux decreases and passes through zero 
at a certain value } = Xmax, where it reverses sign. On the dispersion curves (Fig. 2) the 
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Fig. 1. Wave resistances of Fig. 2. Dispersion character- 
helical slow-wave system istics of helical slow-wave 
surrounded by an unbounded system surrounded by an un- 


layer of plasma. bounded layer of plasma. 


value X = Amax corresponds to a ''cutoff"' phenomenon defined by the condition that when wo 
is specified \,9x is the upper limit for the slow waves that can propagate in the slow-wave 
system. Thus, the power flux changes direction at the cutoff point in accordance with the 
change of direction of the group velocity. 

In the negative dispersion region the power flux, whose 
absolute value passes through a certain maximum, rapidly de- 
creases. The value of K near the cutoff point therefore sharply 
increases with increasing }. K then passes through a clearly 
pronounced minimum. This singularity in the behavior of P and 
K near \max is to some degree analogous to the singularity 
which is characteristic of slow waves in the case ofa ribbon 
type helix, considered in particular in the paper by Sovetov 
and Sukhov [3]. 

With decreasing wo, the branches of K corresponding to the portion with negative disper- 
sion (dash-dot curves in Fig. 1) increase and shift towards the larger values of )}. As can be 
seen from Fig. 1, there is no branch of K of this type for small values of wg (curve 13). With 
increasing wo (Fig. 2), A\max shifts towards the shorter wave lengths. Calculation shows 
that cutoff occurs near ¢€~ 0 andw= wo, i.e., it is determined from the transition from the 
region of frequencies that are close to but greater than the natural frequency of the plasma 
towards frequencies smaller than wo. A comparison of the values of wo, given in Table 2, 
with the values of yw corresponding to )\ max (Fig. 2) confirms this assumption. 


vay olkeme 2) 


2. PLASMA LAYER OF FINITE THICKNESS 


In connection with the fact that the plasma layer surrounding the helix has a finite thick- 
ness in the actual model of the tube, it is interesting to determine the dispersion properties 
of the slow-wave system for this case. Using the usual scheme for the solution of problems 
of this type in a cylindrical coordinate system, and using the approximation of a helically 
conducting cylinder with perfect conductivity [4], we obtain a dispersion equation in the form 


he (%) Yy ie (y) oa Ky Al 

2 5 y Jy (x) % | Bly (y) + Ki (y) 

Me Nii Ep Lae is hi Ril) 
% Lg (x) Bely (y) — Ky (y) 


(2) 
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where 


K,(w) Ki (g) — = Ky (w) Ky (8) 
B = o r , 
Iq (we) Ky (6) + 2 hi (w) Ko (8) 
Ky (w) Kx (g) — €Ky (we) Ko (8) 
Ue » §=by;w=by; 


I, (w) Ki (g) + €/1 (w) Ko (8) 


Nh = ie, Ui = Ge 


y — angle of rise of the helix; a and b — internal and external radii of the plasma layer sur 
rounding the helix; uw; =o. AS b-~ ©, Band B, tend to zero and the dispersion equation 
(2) goes into relation (1) from [1]. \ 

Fig. 3 shows the dispersion characteristics for specific values of the geometry of the 
helices and wo, as determined by Table 1, calculated for 
different values of b—a. Typical of the dispersion char- 
acteristics is the presence of two branches, correspond- 
ing to the short and long wave regions. The left-hand 
short-wave branches remain practically constant as b/a 
varies over a wide range, and coincide with the dispersio1 


Fig. 3. Dispersion characteristics of helical slow-wave 
system surrounded by a plasma layer of finite thickness. 


characteristics for the case of an unbounded plasma. 
Actually, only at the large values wo = 104 mc does the 
left branch of the dispersion characteristic for a finite 
plasma layer shift somewhat to the left of the character- 
istic when b/a=. The right branches become more 
gently sloping with decreasing b/a, and approach the dis- 
persion characteristic in the absence of plasma. As the 
phase velocity decreases, the right-hand branches tend to 
a certain limiting value } = 9, determined by the rela- 
tion w=wo//2. The latter can be obtained from (2) with 
y>1, w>landy >1, g>1. In this case the dispersion equation yields two limiting 
values of the phase velocity: v =csin y for short waves and v= 0 for w= wo/2. 

Thus in the case of finite thickness of the plasma layer, the dispersion characteristics 
of a helical slow-wave system has short and long-wave branches and can vary with wo over 
a wide range, thus providing the possibility of plasma control of the frequency. 


3. EXPERIMENTAL PART 


To verify experimentally the possibility of plasma frequency control, we assembled a 
TWT model with centrifugal-electrostatic focusing of the electron beam, operating under 
continuous evacuation. The slow-wave system of the tube consisted of a helix with radius 
a=5 mm andh=1.5 mm, which was in direct contact with the internal wall of the bulb of the 
tube. On the outer side there was sealed, coaxially with the glass bulb of the tube, a larger 
bulb in which plasma was produced by glow discharge in mercury vapor at a pressure on the 
order of 0.1mm Hg. Thus, the helix and the plasma were separated only by a thin layer of 
glass over the entire length of the slow-wave system; b/a=5. 

The mercury-vapor pressure was continuously monitored during the experiment and 
maintained constant. The change in the natural frequency of the plasma was by changing the 
current flowing through the plasma. Fig. 4 shows typical parts of the dependence of the fre- 
quency f of the oscillations excited in the plasma on the current I flowing through the plasma, 
with the geometry and operating conditions of the oscillator maintained constant. When I = 0. 
the oscillations excited had a frequency of 400 mc. As can be seen from Fig. 4, as 1 is | 
varied, the changes in frequency are in jumps, from one interval of values to the other. 

The jump-like character of the tuning is due greatly to the fact that internal feedback is 
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Fig. 4. Dependence of the frequency excited in the TWT 
| on the current flowing through the plasma. 
A — Ug = 700 v, B — Ug = 780 v, C — Ug = 900 v. 


produced in the tube by reflection from the ends of the un- 
matched helix. The smooth variation in frequency with 
increasing I, within the limits of each interval, corre- 
sponding to excitation near some value of f, has a range 
of 1 — 2 percent (Ug = 780 v) to 10 percent (Ug = 700 — 
900 v). The most effective change in f is observed at a 
certain fixed value of anode voltage Ug. For this opti- 
mum value (Ug = 780 v), the overall change in frequency 
has a ratio on the order of 1:2. It is easy to see that the 
variation of f with I, shown in Fig. 4, corresponds to dis- 
placement along a certain horizontal line v/c = const, 
satisfying the condition v~ ve ~/Ug, where ve — 
velocity of the electron beam, crossing the dispersion 
characteristics of Fig. 2 and 3. With this, the excited 
oscillations shift towards the shorter wave lengths with 
increasing I and, consequently, with increasing wo. 
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Thus, a comparison of the experimental 


results with those theoretically calculated leads to the conclusion that they are in qualitative 
agreement and that plasma control of the oscillator frequency is feasible. 
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BANDWIDTH AND NOISE FIGURE OF 
TUNNEL-DIODE TUNED AMPLIFIER 


ISAS Birger ‘ 4 


Exact formulas are derived for the calculation of the bandwidth and the noise figure of a 
tuned tunnel-diode amplifier. Account is taken of the distributed nature of the resonant- 
circuit parameters of the losses, and also of the inductance of the leads. The effect of the ~ 
coupling with the load is analyzed. 


The approximate formulas for the bandwidth 2Af and the noise figure F of a tuned 
tunnel-diode amplifier, given in the literature [1, 2, 3], indicate correctly the main features 
of such amplifiers, but lack certain details useful for a detailed analysis of the amplifier and 
for an estimate of the validity of the approximate formulas. Thus, for example, the formu- 
las for 2Af presume that the tank circuit consists of a lumped capacitance and inductance, 
whereas high-frequency amplifiers are characterized by distributed constants. Nor is an 
explicit form given for the dependence of 2Af, on the operating frequency wo = 2nfy ata 
specified gain Kg. 

The approximate formulas for F show that it is advantageous to reduce the coupling be- 
tween the tank circuit and the load, but the limits to which this reduction can be carried are 
not clear. Finally, the formulas for 2Af and F do not take into account the inductances of 
the leads to the tunnel diode, and while this does not result in noticeable errors at the 
attained operating frequencies, the limits within which the neglect of inductance is permissi- 
ble are not indicated. 

In order to obtain more accurate expressions for the main characteristics of the tuned 
amplifier, we carried out the calculations, the main results of which are reported below. 

The calculations are based on the universally accepted equivalent circuit of the tunnel 
diode (Fig. 1a) where Rg is the negative resistance at the operating point; rg — loss resist- 
ance in the diode; Cg — capacitance of the p-n junction; Lg — inductance of the leads. The 
noise current generator I; represents the shot noise in the p-n junction, and generator Ip 
represents the thermal noise in the active resistance rg. The intensities of these noise 
sources are given by the formulas 


I = 26eI,Af, (1) 


where Ip — direct current at the operating point, e — electron charge, 


r a we 
2 4 TAT "4 > (2) 


where T — temperature of the diode (in degrees Kelvin), and k is Boltzmann's constant. 

For convenience in calculation, the network shown in Fig. 1a has been converted to an 
equivalent "parallel" network (Fig. 1b). 

After straightforward but cumbersome calculations: we can show that the parameters of 
the parallel circuit are given by the following formulas 


Os his u (0) 
odes Ra w (0) ’ (3) 
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eas 
Mde= Ry w (0)? (4) 


Te = (2eL Af) wi)? (5) 
5 Emer ana UO \"ye digeide 
P= kTAt a) eS (6) 
where we put 
, w (0) = t— & — £02; (7) 
| §° 
v (fi) = 1 5 an (8) 
4 0g 
C Sie fh Wwe 2 
wm (8) = 0" ( (6 — ——) + (1—§ — ——)\; 
( | : ( z 03 | (9) 
Gt Ota; (10) 
TZ = Ra C4; (11) 
Oy ig 
E= 7g’ (12) 
04 = gta; (13) 
{ 
od ee V L3€4 : (14) 


We recall that the tunnel diode can be used as an amplifier so long as the operating fre- 
quency is below a certain limiting value wlim (or @< @lim = WlimTd), at which its equiva- 
lent conductance gde vanishes. From (3) and (7) it follows that 


a Oral = ys Ere (15) 


Fig. 2 shows the dependence of the admittance gge, jbde on the frequency for the case 
O@lim = 10. 


a — equivalent circuit of tunnel diode; 
b — equivalent parallel circuit. 


Fig. 2. Dependence of the active and reactive 
components of the admittance of the tunnel diode 
on the operating frequency (6]jm = 19): 


Og > oa Od 7 .o;.0 = Od wileie ud ~ © 


The character of the functions depends essentially on the relation between the natural 
resonant frequency 6g and the limiting frequency @]}jm. On approaching the resonant fre- 
quency, the absolute value of the conductance increases, and the susceptance first increases, 
and then decreasés and reverses sign. 
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To ensure stability of the amplifier, the tendency in the construction of tunnel diodes is 
to reduce the inductance of the leads to an extent such as to satisfy the inequality 6g > @lim. 


ia Ga ein ce = 5 


{i 


Fig. 3. Equivalent circuit of tuned 
tunnel-diode amplifier. 


Fig. 3 shows the equivalent circuit of a tunnel-diode resonant amplifier, in which g/ — 
active conductance of the load; gy — active conductance of the source I, of the amplified 
signal; jbz — susceptance of resonant circuit connected to the tunnel diode, which is tuned 
at the operating frequency in resonance with the reactance of the diode, 


Dag + by ==) for © = Wo. (16) 


The active losses in the resonance circuit are represented by the conductance g), which 
is best expressed in terms of the ratio 7 of the "loaded" Q] to the "unloaded" Qo of the 
resonant circuit: 


eee (17) 


The noise generators I,, Ij, and I, represent the thermal losses of the active resist- 
ances: 


3 = All Afg,, (18) 
P= 4k, Afg,, (19) 
2 = 4kT Afgy, (20) 


Using the circuit of Fig. 3, we can calculate the main characteristics of the tuned ampli- 
fier, namely the gain, the bandwidth, and the noise figure. 

Let us define the gain (as applied to the conditions under which this parameter is meas- 
ured) as the square root of the ratio of the power Py, delivered to the load conductance to the 
maximum power of the signal source Pg = 1,2/4g.- Using (17) and (3) we get 


a 2V EK s 
A On (ees = ad aL fe 10a s a | u (( @ 
bgt 8) hae — 24 - (21) 
d°g 
where the parameter 
_ =! (22) 
°8 


characterizes the coupling with the load. We note that Kp - 0 when s> 0 ands a, 


In further calculations we shall assume Kg specified, in accord with the usual conditions 
of design of a low-noise amplifier stage. 
To calculate the bandwidth 


20! SaEeoie (23) 


where Q is the figure of merit in the operating condition ("regenerated" Q), we use the 
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following general relation [4] 
1 1 
Q= x wobs, 3(@o) — aly (24) 


>» 
iu 


oa 


where b'y (wo) is the derivative of the overall susceptance of the circuit with respect to w 


. 
| 
bs = dae + by 


at the resonant frequency wq; and 
bp =f Ede 


So =\85 ta Sie 


is the overall conductance. 
Formula (24) is valid if the derivative b's (w) is approximately constant over the pass 
band. This condition is always satisfied for resonant circuits with a "single hump" resonance 


characteristic, which will be implied from now on 
Using (24) we can obtain the following formula for the bandwidth 


ites 2 2 { 
2Af Dito Vs eae ae 5 II (0), (25) 
11 Kol(Vs+ V4/s) 
where we put 
jal \P 
tt Ta 
I (0) = —~——tt (26) 
»(6)|1 75 90)| 
2 1 \2 2 Q2 
ri 0(E— | Pe ie eat 3 a 
iy — 008) Av’ (0) 94 05 04 f 0g). 
ae 2w (6) 2v (0) 1 Q2 | ; 1,2 <I Bis (27) 
ee et 
tama 0° 0 
Oo b, (@ ) 
ee Ee 
= po) # (Ze 
We note that the parameter p characterizes the degree of distribution of the tank-circuit 
constants. If the circuit is made up of a lumped inductance, thenp=1. For a circuit made 
up of short-circuited segment of a long line, p > 1 and amounts to 
2nn 20) : 
P= Sin 2ay ' sin 2a’ (29) 


where n is the number of complete half waves fitting within the length of the circuit; ag 
"electric" length of the line segment, determined from the condition of resonance with the 
capacitive susceptance of the tunnel diode 

ty = arc tg ie Hee (30) 


1 
bde— 7, °'8 op = 0, 


Here Zg is the wave impedance of the line. 

Formulas (25), (26), and (27) are rather eompiicatede However, if we take into consid- 
eration the values of the parameters typical of real diodes, these formulas can be greatly 
simplified. Thus, when 
ee rt (31) 
; “e466 040 GS Ra V Rar. Ring 


The function (6) (Eq. (26)) assumes the following form 
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(32) 


If the external resonant circuit of the amplifier is made of a lumped inductance, so that 
the distribution parameter p= 1, we get 


TI (6) = 4== fake (33) 
ny 


™m 


In many cases the frequency of the diode is so high that an inequality stronger than (31) 
is fulfilled 


eee. (34) 


Then 7(9) is given by formula (33) even when p # 1. 
Usually we can assume Kp >> 1, and consequently 


2 J 


ear (35) 


Taking (31), (33), and (35) into account, formula (25) can be replaced by the simpler 
formula 


; Be 1 2(1— ») Boel, an) Y'] > 
DN ee aes Re ee ee 36 
J 2074 Ko (Vs +V1/s)1 > PL ln (36) 

If we assume p=s=1, 7 =0, (0 /®lim)2 <1, then by substituting these values in (36) 
we obtain the well known formula for the approximate estimate of the bandwidth of an ampli- 
fier: 


ee i 
2A = 2atgKo ; (37) 


Comparing (25), (36), and (37), we notice the following. Formula (37) is extremely 
approximate and is suitable only for a tentative estimate of the bandwidth at lower operating 
frequencies. Formula (36) reflects the appreciable influence of many parameters of the 
amplifiers, which must be taken into account in the design; in particular, it shows the 
narrowing of the bandwidth on approaching the limiting frequency, highlights the appreciable 
influence of the distribution parameter p of the resonant circuit and of the parameter s of 
coupling with the load, and even accounts for the influence of losses in the resonant circuit. 
Naturally, as the losses are increased with the gain maintained constant (relative to the use- 
ful load g7 of the amplifier), the bandwidth decreases. Formula (25) differs from (36) prin- 
cipally that it takes into account the inductance of the diode. However, since condition (34) 
and all the more (31) are satisfied with sufficient reliability, formula (36) gives quite satis- 
factory results. 

Using the circuit of Fig. 3, we can readily calculate the noise factor of the amplifier, 
which, in view of the parallel connection of all the noise sources, is equal to 


wig elo ate Ai 1 G2 
Vijs) ad jG \° Ee | E(1 =F () ) 5 (38) 
"hie 
We note that the noise figure does not depend on the natural resonant frequency 6g of the 


diode (i.e., it is independent of the ane eae of the leads). 


If Ko > 1, and if furthermore T = T] = Tg = To = 293°K, we obtain from (38) the following 
formula for the relative noise temperature t, of the amplifier: 


ee ess a liste s ie ! ates t ¢ i / 9 
(y= F—1= JES 4 TB iE — [0,021 )Rg+ & (1 + 0)%), (39) 


where Ip is in milliamperes and Rg in ohms. 


When (9 /®\im) 7 «1, s=1, n=&=0 we obtain from (39) the approximate formula 
t, =1+ 0,04/,Rg, (40) 


which, like (37), is applicable for tentative estimates. 

As follows from (39), on approaching the limiting frequency the relative noise tempera- 
ture t, increases without limit. To decrease ty it is necessary to strive to a maximal reduc- 
tion of the relative losses ¢ and 7 in the diode and in the tank circuit, and also to weaken 
the coupling with the load (i.e., decrease as close). A reduction of s, however, entails a 
reduction in the bandwidth [see (36)], which has a maximum when s= 1. Consequently it is 
necessary in the design to seek for an optimum value of s as applied to the specific purpose 
of the amplifier. If the main requirement is the minimum noise temperature, a reduction of 
s to 0.1 — 0.2 is permissible, thereby reducing the bandwidth by 30 or 40 percent relative to 
its maximum value (retaining the specified gain), but increases ty by almost a factor of 2. 

In conclusion, Iam grateful to V.B. Shteinshleiger for useful discussion of this work. 
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THERMIONIC PROPERTIES OF HEXABORIDES 
AND OTHER INTERSTITIAL COMPOUNDS 


B.A. Trigubenko, B.M. Tsarev 


Literature data on the emission constant and work function of interstitial compounds with 
high melting points show a considerable disparity between results obtained by different au- 
thors. ‘ 
Certain investigations carried out by the authors of the article, under conditions of 
vacuum 10-7 — 10-© mm mercury, indicate that the emission properties can fluctuate in a 
wide range, depending on the operating conditions of the cathode. One of the reasons for 
such changes can be the contamination of the surface of the high-melting-point compounds by 
films of oxides of the metals contained in them. 

To obtain reliable results it is necessary to carry out the investigations of thermoelec- 
tronic emission of such compounds under conditions of higher vacuum and with surfaces that 
are fairly clean. 


The possibility of using certain substances as materials for thermionic cathodes is de- 
termined by two basic factors, high thermionic emission and low rate of evaporation at the 
operating temperature. Even Lafferty [1] has shown that the emission from lanthanum hexa- 
boride is inferior only to the emission of oxide cathodes at low temperatures, and the rate of 
its evaporation is a minimum at a given value of emission current density, compared with 
many other substances with high melting points (Zr, Mo, Nb, W, Ta, Thon W). If we take 
into account, on the other hand, the strong bonds between the boron atoms in the hexaborides, 
bonds which cause a high melting point (exceeding 2100°C), their high chemical resistance to 
the action of oxygen, moisture, and HCL, their high mechanical strength which results in 
their ability to withstand high electric field intensities at the cathode, as well as their sta- 
bility to ion bombardment and the ability to operate under conditions of poor vacuum (to 1074 
and even 10-2 mm Hg), then the prospects of using hexaboride cathodes are subject to no 
doubt, for neither the relatively high operating temperature, nor the reaction with the core 
material, prevented with the aid of protective layers of carbides, diborides, or silicides, 
cannot serve as a serious obstacie to the development of cathodes based on hexaborides. 

However, the literature does not contain as yet the necessary or sufficiently reliable 
data for a comparative estimate of thermionic properties and the speeds of sublimation of 
hexaborides of rare earth or alkali-earth metals. From the summary of the emission prop- 
erties of hexaborides, listed in Table I, we see that different authors have obtained widely 
divergent results, and values of the emission constant A which are either exceedingly low or 
exceedingly high compared with the theoretical value (Ag = 120.4 a/cm2deg ), which clearly 
does not agree with the metal-like nature of the hexaboride, as confirmed by many of their 
properties. A similar picture can be seen also in the case of other interstitial compounds, 
such as diborides, carbides, etc., examples of which are listed in Table 2. 

Anomalously high values of the constant A have even resulted in a communication [2], in 
which the author attempted to attribute these values to the influence of assumed low widths of 
the forbidden band or low activation energy in similar compounds. Recently, however, new 
values have been published for the emission constants of uranium carbide [3], namely 
Yo = 2.94 ev and A= 33 a/em2deg2, which eliminate UC from the list of substances with 
large A. In this connection, certain results of investigations carried out by the authors of 
this article on the thermionic emission of hexaborides of certain rare earth metals (La, Ce, 
Pr, Nd, Sm, Eu, Gd, Tb, Er, Y) are of interest. The investigated hexaborides were 
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Table 1 


Thermionic Properties of Hexaborides 


PTs Le Ye es PE LS So a PS a PT 
h ay let et 2 '. Ref- | til luleseehctalirs ' Ref- 
exaboride _~@V/A, a/cm~ deg? beat at hexaboride | eueV'A, a/cm2 deg? ce 
= eee > eee i - ~ ae N's Be 
| 
Cabs 2,86 | 2,6 [1] rubs | 4,9 1iG0—5000 [8 
SrBe 1 236; 0,14 {1} GdBg | 2,05 | 0,84 [>] 
Babs | 3,45 16,0 {1} THB: 2.99 | 120.4 ©) [S| 
Se Bo 296 | 4.6 1g] Dy Bu Peas.) Darl {5] 
YBe 2) eal 15,0 {6] HoBg | 8,42 13,9 \5] 
Laliy 2.66 29 iu ErBe Sei | 9,9 {5| 
LaBy 1268 73 {5] = YbBo 3,13 | eS) [5] 
Ceb, 2.59 | 1.6 i] yj LaBe 13.0 0,36 {5] 
CeBg 2,9 | ~580 [5] (IMM). | 2,64 14,0 [1] 
PrBg 3 AG 5) [5] (IMM) Be | 2,89 ~ 370 {7] 
NG eee eer 42) f5| TBs 2,92 0,53 [1] 
SmBs tet -— |S] 
Note: U, MM — Zermischmetall 
Table 2 
Thermionic Properties of Certain Diborides and Carbides 
Type of | , Ref- | Typeof | A,a/cm2-| Ref- 
gn evils a/cm? deg2 YP eeV ae / erence 
substance erence) — substance | deg2 
| , al | | 
i 
TiBs 3,88 ~88' [9] | ZC 12.18 |" os 4 
VBz 3,95 Done) 9] | we rai || T0000 [10] 
CrBs 3,36 | 48,0 (9) | GG } 2.94 | geen ae 
Zr Bs 3,67 0,5 [9] \(ZrGlag (EC)p 9) 4,3. | 66000) FLO 
ZrBs Ao 33000 {il} | Ths sg oo ~200 Lil 
ZrC 3,8 134 [10] | Th; aie ~5d0 (11) 


deposited on a tantalum wire, first coated with a sintered layer of tantalum powder. The 
thickness of the layers of tantalum and hexaboride powders were strictly monitored within 
narrow limits with the aid of a MIM-7 microscope. The cathodes prepared in this manner 
were tested in cylindrical diodes with triple anodes. The diodes were evacuated with an oil 
diffusion pump in conjunction with a liquid-nitrogen trap. The cathode temperature was 
measured during the time of processing in the pump and during the measurements in the 
sealed diodes by means of a MOP-8 micropyrometer. The vacuum in the diodes at the time 
of sealing ranged from 10-7 to 10-6 mm Hg. After sealing, a barium absorber was sputtered 
in the diodes. The work function oq and the emission constant A were determined by means 
of Richardson lines through measurements of the emission current density je for several 
values of the temperature within a range from 900 to 1100°C, Similar determinations were 
made for each cathode after a series of operating cycles at a definite time and a constant 
temperature ranging from 1130° to 1300°C (see caption to Fig. 2). 

During operation and the tests, the cathode temperature and the heat load on the anodes 
were considerably lower than during the processing with the pump connected, so that the pos- 
sibility of some appreciable deterioration of the vacuum in the sealed tubes was eliminated. 
The values of og and A, obtained at different instants of cathode operation, fit quite well the 
linear plot log A = f(~), and the aggregate of values obtained for a series of cathodes fit 
within a certain scatter ellipse, the major axis of which can be regarded as the equation of 
the mean linear dependence of log A on gp for the tested batch of electrodes. 

Analogous results with greater or smaller deviations from linearity were obtained also 
for other hexaborides of rare-earth metals which we investigated. In view of the multiplicity 
of factors that can affect the behavior of gg and A, various deviations for linearity are of 
course possible. Table 3 shows a summary of the limiting values of pp and A, which we 
obtained for hexaborides of various rare-earth metals for cathodes operating on modes anal- 
ogous to those listed in the caption of Fig. 1. These data, obtained at a residual-gas pres- 
sure on the order of 10-7 —10-§ mm Hg, indicate that the residual gases have a considerable 
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influence on the behavior of the hexaborides we investigated, since a similar linear depend- 
ence of log A on mp was noted earlier by many authors, principally for materials which were 
variously contaminated by extraneous substances. Thus, for example, Reiman ({4], page 
113, Fig. 18) notes the linear relation between the values of log A and 90, obtained by Dush- 
man and Evans, and also by Kingdon, for thoriated tungsten at different degrees of coating of 


l 
a 
| 


gA 


Fig. 1. Variation of the work function gg and the constant A 
during the operation of TbBg cathodes under the following con- 
ditions: 

Cathode No. 1 (J (the numbers denote the stages of the 
operation, after which the values of ~g and A were deter- 
mined, namely: 1 — 5 min at 1130°C, 2 — 15 min at 1130°C, 
3 — 30 min at 1130°C, 4 — 60 min at 1130°C, 5 — 120 min at 
1130°C, 6 — 120 min at 1150°C, 7 — 120 min at 1175°C, 8 — 
120 min at 1200°C, 9 — 120 min at 1225°C, 10 — 120 min at 
1250°C, — 11 120 min at 1275°C, 12 — 120 min at 1300°C); 

cathode No. 2 (I); 

cathode No. 3 (II); 

cathode No. 4 (IV); 

V — average value of (7 (with A = 120.4 a/em2deg?) 
for TbBg, which amounts to 3.26 ev (for T = 1300°K). 


its surface with thorium. This dependence was noted also in 
references [14] and [15] for tungsten and platinum, respec- 
tively, at different stages of their purification by calcinating 
to maximum temperatures. The values of ©g and A, ob- 
tained by Zwikker [16] for zirconium and hafnium at various 
instants of purification by calcination, also fit well the line 
log A = f(~g) plotted on a semilogarithmic scale. Finally, 
454%," one must note the theoretical derivation of the linear relation- 
ship between A and wo in reference [17], devoted to thermi- 
onic properties of film cathodes. All the foregoing facts indicate that either chemically active 
metals (zirconium, hafnium, tungsten) and even such an inactive metal as platinum, as well 
as many interstitial compounds with active metallic components (thorium, uranium, zircon- 
ium, rare-earth elements) exhibit sensitivity to the action of oxygen, and possibly other com- 
ponents of the residual gases, when tested for thermionic emission in insufficiently high 
vacuum, 
It must be noted that changes in the work function, accompanied by changes logarith- 
mically linear in A as a function of 9, can be observed also when the emission current 


Table 3 


Limits of variation of thermionic constants of hexa- 

borides in operation under conditions listed in the 

caption of Figure 1 (from data obtained for several 
cathodes produced for each type of boride). 


Hive ere Range of variation of the| Range of variation of the 
work function Dos ev emission constant A, a/cm deg? 
tay oe 1,623,092 2-10-4312 
CebBg | 2,4—5,3 5-10-2—5-108 
PrBe | D Be) 0 ,63—160 
Ndb,g 1 ,9—3,3 5-107-4—160 
Smb¢ 2,39—4,1 6 -10-5—~1600 
Bubs 2,6—3,9 0,01—~100 
GdBo eo 3-10-°-—~63 
TbBo 53,5 0, 06—~630 
ErBg 2,4—4,1 3-10-3—~4000: 
YBe 2 3 ee 0,06—~160 
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Table 4 


Comparison of the values of the work function for hexaborides and 
oxides of rare-earth metals 


| if 
hexaboride| ¢T hexabo- | 6; oxide’ oxide | hexabo- | et hexabo-|¢7 oxide : 
ride (1700°K) | (1700°K) | ride | ride (1700°K) | (47007K, | Oxide 
| | } 
LaBs | 2,86*,2,87**| 3,10 | LayOs | EuBs | 4,35—4,6* | 3,28 | Ew0, 
CeBs 3,30* 3,24 Ces03 GdBs |.2,78* 2g GdoOz2 
PrB.s | 3,35* 3,48 PrsQ3 TbBe | 3,26*#* 3 Ths0- 
NdBg | 3,31* es NdsO Erbs 3, 74* ae | ErsOz 
SmBg 3, ¢* Rey | Smy0z YBe 2,52* Bao feSaee 


* Calculated from data of Table 1. 
** Calculated from the equation oT = 2.66 + 1.23- 10-4T [18]. 
*** Determined from the data of Fig. 1 for T = 1300°K. 


density is maintained constant at a fixed value of the cathode temperature. In this case, the 
emission will decrease with increasing og at the lower values of T, and will increase with 
~g at higher values of T, as shown in Fig. 2. Therefore merely an investigation of the cath- 
ode over a sufficiently wide range of its temperature will disclose the influence of the resid- 
ual gases and other factors on its thermionic properties. 

In addition to direct action of the residual gases on the iqte/TY 
emission of interstitial compounds, many other factors can also rl 
be influential, primarily changes in the phase composition of 
these compounds and their reactions with the base material. \ 


Fig. 2. Possible positions of the Richardson lines (consequently 

also the variation of ~g and A with the emission current density 

maintained constant at T= const). The relation 991 < $92 < (03 
holds for lines 1, 2, and 3. 


Z-const at 7=const 


Changes in the phase composition can be observed when the inves- 
tigated compound is insufficiently pure, as for example in the 
case of contamination of the hexaborides by tetraw, tri-, and di- 
borides of the same metal, which can gradually be transformed 
into hexaborides, which are more stable under high-vacuum con- 
ditions, under prolonged high-temperature processing. On the Tia 
other hand, reaction with the base material, as already noted in 

[1], leads to a more intense liberation of the metallic component of the boride on the surface 
of the cathode, and consequently to the formation there of a more stable film of metal oxides 
under the influence of the residual oxygen. However, in the absence of noticeable reaction 
with the base, even in the case of pure single-phase composition of the investigated com- 
pound, one must apparently expect the surface of the hexaborides to contain a film of oxides 
of the metal present in the hexaborides, diffusing to the surface and oxidized there by the 
residual oxygen. Unfortunately, the lack of necessary data on the rate of diffusion of metals 
in hexaborides and on the evaporation of their oxides from the surface does not enable us to 
establish any connection whatever between the behavior of gg and A of hexaborides of differ- 
ent metals and the rate of sublimation of their oxides. 

To prove the above hypothesis that hexaborides and other interstitial compounds can be 
contaminated by the oxides of the metals contained in them, we list in Table 4 a summary of 
the true work functions (pT at A = 120.4 a/cm2deg2) for hexaborides and oxides of certain 
rare-earth metals, from which we see slight differences in the values of ©T of the borides 
and oxides of each of the metals. In addition, a comparison of the behavior of the emission 
constants @g and A for hexaborides of different rare-earth metals with the data on the rate 
of evaporation of their oxides, published in [13], shows that high values of the constant A are 
observed in hexaborides of metals with non-volatile oxides (Y, Gd, Dy, Ho, Er, Lu, and Th). 

In view of all the foregoing, reliable determinations of the thermionic properties of hexa- 
borides and other interstitial compounds, particularly with chemically-active metallic 
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components, can be regarded as possible only if the following conditions are satisfied: 

1) the cathodes are processed and tested at ultra high vacuum (not lower than 10-8 mm Hg) ; 
2) the investigated cathodes are made of the possibly purest substances with single-phase 
composition, monitored with the aid of X-ray structural analysis before and after investiga— 
tion for thermionic emission; 3) eliminate the possibility of the cathode substance reacting 
with the base metal on which the cathodes are deposited. 


Since it is uncertain that oxides and other contaminations can be eliminated from the 


cathode surface by high-temperature processing alone (evaporation), it is desirable to 
process the cathode surface prior to measurement of the emission by ion bombardment in an 
atmosphere of a heavy inert gas (argon, krypton-xenon mixture). 


aOorwnr 
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OPTIMUM OPERATING POINTS 
ON THE VOLT-AMPERE CHARACTERISTIC 
OF A THERMOELECTRIC CONVERTER 


I.A. Rezgol' 


A theoretical investigation is made of the volt-ampere characteristic of a vacuum ther- 
mocouple with compensation of the electron space charge. Equations are derived for the 
connection between resistance of a "matched" load and the internal resistance of the device 
under two optimal conditions, corresponding to maximum electric power and to maximum 
efficiency of conversion of the heat into electricity. A graphic interpretation of the results 
is given. 


INTRODUCTION 


The principles of the theory of a vacuum thermocouple with compensation of space 
charge of the electrons have been developed by Ansel'm [1], who derived the equations for 
the volt-ampere characteristics of the device and also equations for the thermal processes 
on the electrodes, for the useful electric power delivered to an external load, and for the 
efficiency of conversion of heat into electricity. It is known that for specified materials and 
for electrode temperatures, i.e., for constant saturation emission currents from the emitter 
and collector, the most important conversion parameters, namely the useful electric power 
W and the efficiency 7, reach a maximum at certain fixed values of the external load resist- 
ance (for a matched load). Many papers [2—5] contain a theoretical analysis of "power 
matching", but either lead to very complicated relationships [4], or contain assumptions that 
are valid only in certain particular cases [2, 3, 5]. As far as we know, the literature con- 
tains no papers concerning the problem of "efficiency matching"; yet this problem is of con- 
siderable interest, since the parameters of the device operating at maximum efficiency can 
differ greatly from the parameters of a device operating at maximum power (particularly at 
relatively low heat losses due to radiation, as will be shown below, see pages 1911—1912 
[of Russian original]). 


1. ANALYSIS OF OPTIMUM OPERATING MODE OF THERMOCOUPLE 


The present article is devoted to an investigation of the position of the optimal (with re- 
spect to power and with respect to efficiency) operating points on the volt-ampere character- 
istic of a thermoelectric energy converter, in which the space charge of the electrons is fully 
compensated (in practice such a converter can be realized in the form of a diode filled with 
low-pressure cesium vapor such that the mean free path of the electrons in the gas is con- 
siderably greater than the distance between the electrodes; this instrument, using Dobret - 
sov's terminology [4] is a "vacuum thermocouple with compensation of the electron space 
charge"). We shall consider an idealized vacuum thermocouple, disregarding in the analysis 
the ohmic voltage drop and the Joule heat in the leads, the inhomogeneity of the work func- 
tion over the surface of the electrodes, and the influence of the magnetic fields produced by 
the generated current on the operation of the instrument. Such a simplification enables us to 
obtain analytical results that are physically clear. 

We shall designate the hot electrode (emitter) by the index 1 and the cold electrode 
(collector) by the index 2. The fixed parameters will be the work functions (1 and #9, the 
electrode temperatures T ; and Tg, and consequently also the emitter and collector emission 


conditions in the equations 


1699 


Wie IV) (1) 


W 
=o.) (2) 


which determine the power delivered to an external load and the efficiency of conversion of 
heat into electricity. Here I — current generated in the thermocouple; V — voltage on ex- 
ternal load; Q, — heat power delivered to the emitter from the heat source. 

The maximum of equation (1) is determined by the trivial relation 


wi eV 
= All => ir =T, (3) 
where r — resistance of external load. 

Since we have neglected the ohmic voltage drop in the leads, the potential difference U 
between the emitter and the collector is equal to the external-load voltage with the opposite 
sign; U=-V. This means that for the idealized thermocouple which we are considering the 
external and internal volt-ampere characteristics are mere images of each other. 

The internal resistance of the thermocouple will be defined as ‘ 


dU dV 
R=F=-7F: (4) 


From (3) and (4) it follows that maximum power is delivered to the external load if the 
load resistance equals the internal resistance of the thermocouple, i.e., 


ieee (5) 


The relation obtained is similar to the known rule for matched loads, that it must be 
remembered that in this case the term "internal resistance" is to some extent of formal sig- 
nificance, since we cannot speak of any voltage ''drop" inside the converter (U < 0). 

Let us proceed to an analysis of the maximum efficiency mode. For this purpose we 
first consider the specific expressions for the quantity Q, in the denominator of (2). As is 
well known [1], the volt-ampere characteristic of a vacuum thermocouple has in general two 
regions: when V <1 —@9 there a field accelerating the electrons exists between the 
emitter and the collector (region A); when V > ©] —@g9 the field between the emitter and 
collector slows down the electrons (region B). 

Let us first consider region B of the volt-ampere characteristic. It is convenient here 
to represent Q1 as a sum of the useful power W and the heat power Qo removed from the 
collector: Qj] =W+Q»9. The value of Q9 is: 


Q2.=1, (o i —s) I; (9: fe ad Po, (6) 


where k is Boltzmann's constant, e the electron charge, Ij the electron current flowing from 
the emitter to the collector, Ig =I9, is the inverse current from the collector to the emitter, 
and ® the heat carried from the emitter to the collector by radiation (generally speaking, 
this term may include also all the losses not connected with the emitted electrons; for ex- 
ample, losses due to the heat conduction of the gas filling the space between the electrodes, 
due to heat conduction of the emitter lead, etc.). Equation (6) can be written in a more con- 
venient form = 


Qo =1 (G2 + =2-) + Qos, (7) 
where QOB = Ing (Tj — To) + @ is the heat carried from the emitter to the collector when 
the circuit is open andI=0. We shall later use also a different form of equation (7) » namely 

% = I+ Xop, (7a) 
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where 


On Qoz 
oO ce ee a a 
2 2kT, >» “OB Qk" 
Pe e+ 


Differentiation (7) with respect to the current, we get 


dQ, 
a 


> + oun = (8) 


We next determine the maximum of equation (2), for which we must equate the derivative 
dn /dal to zero. Using (8), we obtain the following condition for the maximum conversion effi- 
ciency in region B of the volt-ampere characteristic 


ieneoLS 

ete (9) 
Physically this means that at maximum efficiency the ratio of the load resistance to the 
internal resistance of the thermocouple is equal to the ratio of the heat removed from the 
collector in the maximum efficiency load to the heat transported through the instrument in 


the open-circuit mode. 
We now turn to region A of the volt-ampere characteristic. Here we have 


Q=1(9 + =2)—b(at+A2)+0 (10) 


é 


or 


Q1= I(h *) + Qoa- (11) 


In this case Q0A = is ae (T; — Tg) +@ has the physical meaning of the heat carried from 


the emitter to the collector with the circuit open, but only when yg < Igg. If 1g > Igg, then 
the open-circuit mode occurs in region B of the characteristic, and then QoA must be re- 
garded merely as a convenient analytic expression without direct physical meaning. 

The second form of (11) will be 


Haul KG (11a) 


where 


Further we determine with the aid of the expression 


dQ re ces meu Con (12) 
Fe Pe eee ee co I 


the maximum of (2) and obtain the condition for maximum efficiency in region A of the volt- 
ampere characteristic 


tas, GA 13 
ate (13) 


In other words, at maximum efficiency for region A the ratio of the load resistance to the 
internal resistance of the thermocouple is equal to the ratio of the heat delivered to the 
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emitter at maximum efficiency to the heat carried through the device at open circuit (or 
simply to the value of Qoq when I,, > Igz). 

Equations (9) and (13) can be unified by representing the maximum efficiency condition in 
the form 


r Q 
ae 14 
A Qoa, B ( 


From now on the index n will denote the electrode whose surface has the minimum potential 
in the thermocouples: For region A this electrode is the emitter, and for region B the col- 
lector. The other electrode, whose surface has positive potential, will be denoted by the 
index p. 

In order to transform (5) and (14), which define the optimum modes of the thermocouple 
operation, to a more convenient form we must determine the ratio r/R. 

In region B the current generated in the thermocouple is described by the expression 


— —— 
I = I, ra Los <= 1h exp ju a H —I.. (15) 
Hence 
dV 1 AT, 
Re Gap (16) 


We introduce the notation Vj = hr and Vg =I9gr (with V= Vy — Vo). We then obtain for 
the region B 


r eVy 
aes (17) 


In the region A the current is 


T= Ty ty = ys — Ta exp {1 (18) 


The internal resistance of the thermocouple in region A is 


a1 kT 
R Cp diy. © (19) 
and consequently 
Paes 
Substituting (17) in (20) in (5) and (14) we obtain the maximum conditions for useful 
power: 
for region B 
eV 
7 == ii (21) 
for region A 
eV 
eal (22) 
in general form 
ely 
if i (23) 


and the condition for maximum conversion efficiency: 
for region B 


Ty Cog (24) 
for region A 
als ok 
—— == - a 25 
i Ca, ee) 
in general form 
ee (26) 
KT), QoaB  *%oa,B 


We note that if we neglect the current due to the backward emission of the collector in 
region B (if we assume Ig, = 0), then (21) agrees with the equation derived by Moss [2]: 


f 2ey (27) 


e 


and equation (24) assumes the form 
Ri Os 
oo at (28) 


2. GRAPHIC INTERPRETATION OF THE ANALYTICAL RESULTS 


It can be easily seen that (23) and (26), which determine the optimum operating conditions 
of the thermocouple, are transcendental with respect to any of the parameters I and V, which 
fix the position of the operating point on the external volt-ampere characteristic of the device. 
This equation contains the variable quantities r, I,, and Qn(x,), each of which can be given 
an illustrative geometric interpretation on the plot of I = f(V). 

1. The external load resistance r is numerically equal to the cotangent of the angle of 
inclination of the load line to the abscissa axis (the "load line" is defined as a line drawn 
through the operating point and through the origin 0 of the volt-ampere characteristic). 

2. The current I,, in accordance with equations (15) and (18), is described by the ex- 
pression + lL =1+Iys, where the plus sign pertains to region B and the minus sign to region 
A. Consequently, shifting the abscissa axis downward (for the region B) or upward (for the 
region A) by an amount Ing, we transform the plot I = f(V) into the plot Ip = f{(V) with origin at 
the point O'. In this case the curve of the characteristic for the region A lies below the new 
abscissa axis (XX axis), so that lg = I, and I flow in opposite directions. 

3. According to (7a) and (1la), », depends linearly on the current I. Consequently, by 
drawing a horizontal axis YY at a distance x0OA, B below the abscissa axis, we obtain from 
the plot I = f(V) the plot of xy = f(V) with origin at the point O". 

The geometric relations above enable us to present a clear and simple graphical interp- 
retation of the equations (23) and (26), obtained analytically, using specific volt-ampere 
characteristics of the thermocouple. For simplicity we consider a case in which both opti- 
mum operating points lie either in region B (Fig. 1) or in region A (Fig. 2). 

The optimum maximum useful power mode corresponding to equation (23) is shown 
graphically in the following manner: The load line Ma and the line Mb parallel to the ordinate 
axis, which are drawn through the optimal working point M, intercept on the XX a segment 
ab = kT),/e (since Mb = Ip, ctg < Mab = r and ab = Ihr). 

The optimum conversion efficiency mode, corresponding to equation (26), can be graph- 
ically interpreted as follows: the load line Ne drawn through the optimum working point N 
crosses the XX axis at the point c, through which we draw a line hm parallel to the ordinate 
axis; the point m where the latter line intersects the YY axis is connected by a line with the 
point N. The lines hm and Nm intercept on the abscissa axis a segment fg = kTp/e (this 
follows from the fact that fm = x0A,B hm = xp and hN = cd = Ir), 
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Fig. 1 Fig. 2 


Big 3 


Fig. 3 shows a plot for the simplified case, corresponding to equations (27) and (28), 
when the inverse collector emission current is negligibly small (Igg = 0) and both optimum 
operating points lie in region B. Here, unlike the plot of Fig. 1, the XX axis "merges" with 
the original abscissa axis, and consequently under the graphic constructions indicated above, 
the points O', a, c, and f coincide with the point O, the point m coincides with the point O", 
and the point g coincides with the point b. 

Figs. 1—3 show clearly the mutual placement of the two optimum operating points. First, 
the point N corresponding to the maximum efficiency lies to the right (i.e., in the region of 
higher values of the external-load voltage), or the point M, corresponding to the maximum 
useful power. Second, the distance between these points increases with decrease in Qo, the 
heat carried from the emitter to the collector when the circuit is open (we recall that the 
main part of this quantity is the heat transfer due to radiation). 

One must point out a possible method of solving (21) — (28) by means of the constructions 
shown in Figs. 1—3. We can use for the solution a universal plot in dimensionless coordi- 
nates, so that it becomes unnecessary to plot specific characteristics for each individual 
case. We note that in the analyses of references [4] and [5], where the unknown was essen- 
tially the operating point corresponding to the region (22), there are given rather complicated 
methods of solving this problem, of unclear nature, which are either connected with introduc- 
tion of special tabulated functions [4], or are insufficiently rigorous because certain small 
quantities are neglected [4, 5]. The graphic solution method is simpler, but we shall not 
dwell on it in detail, since it can hardly serve as a basis for engineering designs of a thermo- 
electronic energy converter (in view of the fact that the theoretical model of the vacuum 
thermocouple is quite idealized). 


3. LIMITS OF APPLICABILITY OF THE ANALYTICAL RESULTS 


The optimum working points can be situated on the volt-ampere characteristic either in 
the region B or in the region A (see Figs. 1 and 2). Consequently in each specific case it is 
necessary to determine the region in which the optimum operating point of interest to us lies. 
The critical point will be the boundary between the two regions, V=0k=91 —@9. Itis 
easy to show that the optimum operating points are in region B, if the following conditions 
are satisfied: 

for the maximum useful power 


e (Gi — F2) Is = 
itp pees I, X23) 


for the maximum conversion efficiency 


ier pee 
dy =.) th age ye naa) OT Re 


KT, ei ae 2k ; 
is = Tag italics Lee) are SD 


toh (30) 


and that these points are in region A if the following conditions are satisfied: 
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for the maximum useful power 


2 (Qi — (2) 2s = 
ATS i, (31) 


for the maximum conversion efficiency 


2h vaibs (32) 
Ae > (Ti —T2) +O 


Inequalities (29) and (31) indicate the region in which the maximum useful power is situ- 
ated, while inequalities (30) and (32) indicate the maximum conversion efficiency mode. One 
may encounter, however, a case in which both inequalities are not satisfied. Then the equa- 
tions obtained can no longer be employed, since their roots do not correspond to the real 
volt-ampere characteristic, and the optimum working point is on the boundary between re- 
gions A and B, i.e., the voltage on the matched load will in this case be precisely equal to 
the contact potential difference between the electrodes. We note also that if all four inequali- 
ties (29--32) are not satisfied simultaneously, then we have the only case when the same 
operating point (V = 0, = 1 — 2) corresponds simultaneously to the maximum useful power 
and to the maximum conversion efficiency. 

The author is grateful to L.N. Dobretsov for many valuable advices, and also to N.I. 
Ionov and T.L. Matskevich for useful discussions. 
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CURRENT CONTROL OF THE IGNITION 
OF A DISCHARGE IN A DEKATRON 


F.M. Yablonskiy ‘ 


An investigation is made of current control of ignition of a gas-discharge gap in a two- 
pulse dekatron with the aid of an auxiliary discharge. The dependence of the pre-discharge 
current in the cathode on the current of the auxiliary discharge and on the potential of the 
cathode relative to the plasma is determined for stationary conditions. The dependence of 
the ignition voltage under dynamic conditions on the duration in amplitude of the control pulse 
in the second subcathode, on the rate of growth of the anode voltage, and on the voltage drop 
on the second subcathode are all investigated. 


Current control of ignition, i.e., control of the ignition voltage (Uj) of the main gap by 
regulating the current in an auxiliary discharge, is widely used in cold-cathode thyratrons. 

The operation of the dekatron is also based on reducing the ignition voltage of a dis- 
charge produced by current flowing in a neighboring gas-discharge gap. 

The thyratron ignition is controlled with an auxiliary discharge produced between an 
auxiliary anode aa (starting electrode) and the cathode c (Fig. 1a). In the dekatron the aux- 
iliary discharge is between an auxiliary cathode ac (subcathode) and the anode a (Fig. 1b). 
To produce the auxiliary discharge in the dekatron it is therefore necessary to use a negative 
voltage pulse, in place of the positive pulse used in the thyratron. 

The ignition voltage Uj in the main gap is determined by the current (I,) flowing in the 
cathode prior to ignition of the discharge. In the thyratron this current is directly equal to 
the current of the auxiliary discharge. When the auxiliary discharge is in existence in the 
subcathode of the dekatron, the cathode potential exceeds the subcathode potential (usually by 
40—60 volts). Consequently only part of the auxiliary-discharge current flows to the cathode. 
To determine I, in the dekatron we can regard in first approximation the cathode as a nega- 
tively-charge electrode — a probe placed in the plasma of the main discharge to the sub- 
cathode. The current in such a probe depends on the geometry of the electrodes, on the dis- 
charge current to the subcathode, and on the potential of the plasma relative to the probe. 
The current in such a probe depends on the geometry of the electrodes, on the discharge 
current flowing in the subcathode, and on the plasma potential relative to the probe. 

In a thyratron, when there is no resistance in the cathode circuit, the auxiliary-discharge 
current does not influence the voltage between the main electrodes. In the dekatron, to the 
contrary, the auxiliary-discharge current, flowing through Ra, reduces the anode-cathode 
voltage to a value less than the maintaining voltage (since the subcathode potential is negative 
with respect to the cathode, and since maintaining voltage of the glow discharge is constant). 
A discharge can be ignited on the dekatron cathode only when the anode voltage is raised after 
the discharge at the subcathode is extinguished. 

In the present investigation we studied the current control of ignition of a two-pulse deka- 
tron filled with helium and hydrogen, during the transfer of the discharge from the second 
subcathode to the cathode. We can analyze in similar fashion current control of ignition in 
the dekatron as the discharge is transferred from the cathode to the first subcathode and from 
the first subcathode to the second subcathode. 

The static characteristics of the dependence of I, on the voltage between the cathode and 
the second subcathode (Ugs¢) with the current maintaining constant in the auxiliary discharge 
(12sc) are shown in Fig. 2 (curves 2 and 4). We see from these curves that an increase in 
Ugsge causes a decrease in Ie. 
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Fig. 1. Control of ignition of the discharge in the thyra- 
tron (a) and in a dekatron (b): 


a= anode; aa — auxiliary anode; c— cathode; ac —auxil- 
iary cathode (second subcathode) 


[ae 4 


bias 
The potential of the cathode-probe relative to the plasma (Ue p 1) is determined by the 
relation Ue pl = Upi - Use (Up j is the potential of the plasma relative to the subcathode). 


‘Since Up] =~ AUcg, where AU, is the cathode potential drop, and since in a normal glow dis- 


charge AU, = const, the increment in voltage between the cathode and the subcathode is equal 

to the decrease in cathode voltage relative to the plasma. Thus, a reduction in the cathode 

current may be due to a reduction in the potential between the cathode-probe and the plasma. 
In a real dekatron circuit, the anode resistance 

(Rg) is constant, and variation of Uggc influences not 


only the potential of the cathode-probe relative to the ’ sc ma aerke 
plasma, but also the current in the auxiliary discharge. ay a . ae : ee 
; 16|- MG x 4400 
Fig. 2. Static characteristics of the cathode-probe 144- 4350 
current as a function of the voltage between the cath- ha) 400 
ode and the second subcathode: 10 iia 
1 —Ig = f(Ugge), Ra = 120 kilohm; 2—Ig = f(Uage), ae i 
loge = 1.0 ma; 3 —Ie = f(Uasc), Ra = 240 kilohms; Ut to 
4 —Ig = (Ugs¢), lose = 0.5 ma; 5 —Igge = f(Uggc); Ay is 
Rg = 240 kilohma; 6 —Iggce = f(Uggc), Rg=120 kilohms i 0 6 100 720 U, 


It is seen from Fig. 2 that the characteristics Ig = f(Uo5), plotted at constant Rg (curves 
1 and 3) decrease much more slowly than the characteristics plotted at constant Ilgge (curves 
2 and 4), this being due to the increase in I9gc¢ with increasing Uggc (see curves 5 and 6). 

The foregoing influence of the current of the auxiliary discharge on the voltage on the 
dekatron anode does not enable us to determine Uj under static conditions, for to increase 
the anode voltage one must decrease the current in the second subcathode. With slow varia- 
tion of Ugse this leads to a smooth equalization of the distribution of the currents between the 
cathode and the second subcathode, so that it is impossible to determine exactly the instant of 
the discharge on the cathode. 7 

When the dekatron is used in a scalar circuit, the voltage on its subcathodes is applied 
in pulses, and consequently the increase in the anode voltage to a value Uj is much faster 
than the rate of change in the distribution of the current between the cathode and the sub- 
cathode. Consequently Uj; has a definite value, which can be measured with an oscillograph. 
Oscillograms of the voltage between the anode and cathode and of the current in the second 
subcathode circuit are shown in Fig. 3, while the principal measurement circuit is shown in 
Fig. 4. The dekatron anode voltage was measured with an oscilloscope 
having small input capacitance. To obtain a balanced input, as is re- 
quired to take oscillograms of the second subcathode current, a pulse : 7 
transformer (Tr;) was used. The RoC; network was used to compensate 4U, 
for parasitic surges in the transformer secondary, due to the flow of 
capacitor currents through the resistance Rj. 


Fig. 3. Oscillograms of voltages and currents in the dekatron: 

a — voltage between an anode and cathode; b — current in the second sub- ° br | 

cathode Iggc; Uj; — difference between ignition and maintaining voltages in i 
the dekatron. | 


The oscillogram of Fig. 3a can be explained in the following fashion [1]. During the time 
tj —tg, there exists a cathode discharge, and the anode voltage is equal to the maintaining 
voltage. At the instant tg the discharge is transferred to the first subcathode; the anode po- 
tential drops because the first subcathode is negative with respect to the cathode. At the 
instant t3 the discharge is transferred to the second subcathode. Since the second subcathode 
is also negative with respect to the cathode prior to the instant when the control pulse is ap- 
plied to it, the potential of the anode continues to remain less than the maintaining voltage. 
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Fig. 4. Circuit for the measurement of the voltages and currents in the dekatron: 
D — dekatron; Ca par — parasitic capacitance on the dekatron 
anode; Cogce — parasitic capacitance in the circuit of the sec- 
ond subcathode; isc — first subcathode; 2sc — second sub- 
cathode; c — cathode; cg —null cathode; Trl — pulse transformer. 


At the instant t4 the action of the control pulse on the second subcathode stops, and therefore 
the anode voltage increases to a value Uj, equal to the voltage necessary to ignite the dis- 
charge on the next cathode (instant t5). For convenience in the measurements we determine 
with the oscillogram the difference between the ignition voltage and the maintaining voltage 
(AU,). 

“From the oscillograms shown in Fig. 3 it is clear that the increase in the voltage on the 
dekatron anode to a value equal to the ignition voltage Uj is delayed with respect to the instant 
of cessation of current in the second subcathode circuit, because a considerable time lapse 
exists between the termination of the current in the second subcathode and the start of the 
current in the cathode. This feature of the oscillograms is due to the fact that the low internal 
resistance of the control-pulse source causes a fast change in the voltage (which determines 
the change in the current in the second subcathode). To the contrary, the increase in the 
anode voltage with decreasing current is slower, owing to the presence of the parasitic anode 
capacitance (Ca par), charged through the large resistances R, and R'g. Asa result, at the 
instant of termination of the second pulse, the voltage between the anode and the second sub- 
cathode becomes lower than the maintaining voltage, and the current in the second subcathode 
is practically reduced to zero. The increase in voltage between the anode and the cathode, 
to a value sufficient for ignition of the discharge, is much slower and this causes the delay of 
the ignition of the discharge at the cathode. 

We can thus expect the value of U; to be determined under dynamic conditions not only by 
the values of Up9,, and Iggc¢, but also by the rate of increase in the anode voltage (dU,/dt), a 
rate that depends on Rag, R'g, Ca par, the rate of decrease in the voltage on the second sub- 
cathode (dUgsc/dt), and also by the duration of the current pulse on the second subcathode (7). 

Fig. 5 shows the dependence of AU; on the amplitude of the pulse in the second sub- 
cathode U2sc (measured with respect to the cathode potential), plotted at constant resistance 
Rg (curves 1 and 2). It is seen from these plots that the increase in Ugg leads to an increase 
in AUj. 

The dependence of AUj on the duration of the control pulse on the second subcathode is 
shown in Fig. 6 (curves 1 and 3). The plots show that AU; decreases with increasing T, and 
this is particularly noticeable at small 7. 

Fig. 7 shows the dependences of AU; on the rate of increase on the voltage on the anode 
dU,/dt and the rate of decrease on the voltage of the second subcathode dU9s¢/dt. The change 
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Fig. 5. Dependence of the ignition voltage 

and of the minimum operating current on 

the amplitude of the pulse on the second 
subcathode: 

i — Uj = f(Uage), T= 7 usec; 2 — Uj = 

{(U2sc), T = 10 psec; 3 — Ig min = 

f(Ugsc), T= 7 usec; 4 — Ig min=f(Ugge), 


100}- 
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Fig. 6. Dependence of the ignition voltage 
and of the minimum working current on 
the duration of the pulse on the second 
subcathode: 
1 — Uj = f(T), loge = 1.5 ma; 2 — Uj = 
= f(T), Iogc = 2.0 ma; 3 I, min — 
= f(7). 


T= 10 psec. 


in the values of dUg/dt and dUggc/dt was made by connecting various capacitances to the cor- 
responding electrodes. As can be seen from these curves, AU; decreases with increasing 
dUg/dt (curve 1, and increases with increasing dU2g¢ (curve 2). These relations can also 

be seen on the oscillograms of Fig. 8, which show the 

time relationships between the currents in the second AULY 
subcathode and in the cathode at different values of Cg gy. 
and Cogc. The oscillogram shown in Fig. 8a corre- 
sponds to low parasitic capacitance in the anode circuit, 


4oF 


Fig. 7. Dependence of the ignition voltage and minimum 

working current on the rate of increase inthe voltage and  } 

on the anode, dUg/dt, and on the second subcathode 

dUgsc/dt: ; 

1 — Uj = f(dUg/dt; 2 — Uj = f(dUgg¢/dt); 3 — la min = 0 20 0 80 oo 
= f(dUg/dt); 4 — Iq min = f(dU2sc/dt). dU/dt v/psec 


i.e., to large dU, /dt. In this case AUj is small. An increase in Cg (Fig. 8b) results in a 
decrease in dU,/dt and in an increase in AUj. The decrease in dU,/dt can be offset to some 
extent by increasing Cogc, which reduces dUgs¢/dt and AUj (Fig. 8c). m8 


The connection between the rates of decrease and the voltage drop 
on the second subcathode and the rates of build-up of the voltage on the a 
anode is shown in Fig. 9. The curve of this figure consists of two parts: 
when dU/gs¢/dt < 28 v/wsec, the value of dUg/dt increases with in- | \ 1 
creasing dUggc/dt; when dU2gc/dt > 28 v/usec, the value of dUg/dt 


Fig. 8. Oscillograms showing the voltage between the anode andthe 
cathode and the current in the second subcathode for different capaci- 


tances in the anode and second subcathode circuits: if \ 
bs 


b — Cg ~ 60 put, C2sc ~ 30 wut; 
C= Cy ~ 60 put, Case ~ 300 put. 


remains constant. This character of the curve leads to the con- 
clusion that when dUgsc¢/dt is small the increase in dUg/dt is 
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determined by the rate of decrease of the current on the second subcathode, and when 
dUgs¢/dt is large, it is determined by the discharge of the parasitic capacity into the 
anode resistance. 

The dependence of AU; on the anode current Ig of a dekatron regulated by varying the 
anode resistance Ra, is shown in Fig. 10 and indicates that an increase in Ig leads to a sharp 
reduction in AUj. 


al, /dt, 6/4sec J0f 


Ya 
! + 1 Ti 10 , ; 
@ Higa bee S 0 has 13 75 20ima 
Fig. 9. Dependence of the growth Bigs 10). Dependence of the ig- 
of the anode voltage on the rate of nition voltage on the value of 
decrease in the voltage on the sec- the anode current: 
ond subcathode. l—7T=7 psec; 2—7 = 10 psec. 


The foregoing variation of AU; with Ugge, T, dUa/dt, dUgg¢/dt, and Ig enable us to ex- 
plain the corresponding variations of the minimum working current lg min of the dekatron. 
The maximum value of AU; under which normal operation of the dekatron (i.e., ignition of a 
discharge on the cathode, which is adjacent to the arc-carrying second subcathode) is still 
possible, always corresponds to the minimum working current of the dekatron. Thus, 
changes in Ugse, T, dUg/dt, and dUgg¢/dt leading to an increase in AU; are compensated for 
by a certain increase in Ig min, and conversely, changes in Uggc, T, dUg/dt and dUggc/dt 
which contribute to a reduction of AU; permit a reduction of Ig min. Figs. 5, 6, and 7 con- 
firm completely the identical qualitative dependence of AU; and Ig min on U2ge, 7, dUa/dt 
and dU2sc/dt. A certain anomaly observed in the course of the dependence Ig min = f{(Ugse) 
at small values of Uggc¢ is apparently connected with disturbances to the normal transfer of 
the charge from the first subcathode to the second at very small amplitudes Ugsc. 


The laws derived are also valid for dekatrons filled with inert gas. 

The experiments enable us to propose the following qualitative description of the mecha- 
nism of charged transfer in the dekatron. 

When a negative control pulse is applied to the second subcathode, the main discharge 
current flows through the subcathode. The cathode operates at that time like a probe sur- 
rounded by a unipolar layer, the thickness of which is all the smaller, the greater the ion 
current flowing in the cathode as a result of the main discharge. 

At the instant of termination of the control pulse, the potential of the second subcathode 
increases, and this causes the current in it to decrease in the potential of the anode (which 
determines the plasma potential) to increase. Thus, the potential between the cathode-probe 
and the plasma increases at that instant, and the current of the main discharge decreases. 
The resultant steady-state distribution of the potential in the unit or layer turns out to be 
insufficient to screen the field of the cathode; the latter penetrates intc the plasma and leads 
in final analysis to an increase in the thickness of the unipolar layer [2]. 

The ignition of the cathode discharge can be regarded as a breakdown of the unipolar 
layer, occurring before the layer is completely rearranged. Inasmuch as pressure and the 
distance between the electrodes and the dekatron correspond to the right-hand branch of the 
Paschen curve, the smaller the thickness of the unipolar layer at that instant, the more 
readily will the breakdown occur. 

The thickness of the unipolar layer will decrease with increasing cathode current and 
vice versa. Thus, the reduction in AUj with decreasing Uggc (Fig. 5) is due to the decrease 
in the thickness of the ion sheath resulting from the increase of the current I, flowing in the 
cathode-probe with decreasing U2sc (Fig. 2). The increase in AU; with decreasing 7 
(Fig. 6) is due to the fact that the ions from the discharge occurring on the second subcathode 
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at the instant of time tg (Fig. 3) do not have time to diffuse in sufficient quantities towards 
the cathode-probe, and this results in an increase of the thickness of the unipolar layer 
around the latter. The reduction in AU; with increasing dUg/dt and with decreasing 
dUgs¢/dt (Figs. 7 and 8) is due to the reduction in the time lapse between the cessation of the 
current in the subcathode and the increase in the anode voltage, which causes an increase in 
the current of the cathode-probe at the instant preceding the breakdown. 

Conclusion. An investigation of the dependence of the voltage that ignites the discharge 
between the anode and the cathode on the duration and amplitude on the control pulse applied 

-to the second subcathode, on the rate of growth of the anode voltage, on the rate of decrease 

in the voltage on the second subcathode and on the anode current shows that the change in the 
ignition voltage between the anode and the cathode can be attributed to the change in the thick- 
ness of the unipolar layer surrounding the cathode-probe at the instant preceding the break- 
down. 

The author considers it is his duty to thank V. L. Granovskii for a discussion of the 
results of this work. 
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SOME SPECIAL FEATURES 
OF THE VOLT-AMPERE CHARACTERISTICS 
OF NARROW GERMANIUM P-N JUNCTIONS 


\ 


N.A. Belova, A.N. Kovalev 


An investigation was made of.the influence of the degree of alloying of germanium on the 
characteristics of tunnel diodes. It is shown that for narrow germanium p-n junctions, in 
which the degree of degeneracy in the p-region is greater than the degree of degeneracy in 
the n-region, the voltage corresponding to the maximum tunnel current is determined by the 
degree of degeneracy in the p-region. 

The density of the tunnel current at the maximum increases with increasing concentra- 
tion of the majority carriers in the n-region (with constant concentration of the carriers in 
the p-region) in accordance with the change in the probability of tunneling of the electrons 
through the potential barrier. 


INTRODUCTION 


It is shown in [1] that the form of the volt-ampere characteristic of a narrow germanium 
p-n junction made of n-germanium is greatly influenced by the concentration of the mobile 
carriers both in the n and in the p regions. In the present article we describe the results of 
further experiments on the influence of the degree of alloying of germanium of either n or p 
type on the maximum of the tunnel current. 


1. VALUE OF VOLTAGE CORRESPONDING TO MAXIMUM TUNNEL CURRENT 


For tunnel diodes made of electronic germanium it has been shown [1] that the voltage 
corresponding to the maximum tunnel current is practically independent of the concentration 
of the majority carriers in the n-region and is determined by the degree of alloying of the 
p-region formed upon addition of the acceptor impurity. In the present paper we show the 
influence of the concentration of the majority carriers in initial p-type germanium on the 
form of the volt-ampere characteristics of p-n junctions, i.e., when the concentration of the 
majority carriers in the p-region is certainly known. For this purpose we made diodes of 
germanium doped with gallium at a majority-carrier concentration from 1.5 x 1019 to 5 x 1019 
em73, The region with electron conductivity was obtained by adding to a slab of p-type ger- 
manium, indium with arsenic impurity. 

For the original germanium the concentration of the mobile p carriers was determined 
by measuring the Hall constant; the degree of degeneracy Up was estimated with the aid of 
the relation 


ee ere 
Cavan ) \ at? Cc 


0 


where m, — effective mass of heavy hole (0.3 mg); kK — Boltzmann's constant; T — absolute 
temperature; h — Planck's constant; 7 = Up/kT; in the calculation we used the tables listed 
in [2]. 

The degeneracy calculated in this manner was found to be Mp ~ 3kT for p=1.5 x 1019 
cm~3, in the germanium employed. 
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As indicated above, the Bra Seton was produced by using arsenic, the maximum solubility 
of which in germanium is 6 x 1019 em-3 [3]. If it is assumed that the alloying produces an 
n-region with a majority carrier concentration 6 x 1019 cm™°, this corresponds to a degree 
of degeneracy yp, ~ 2kT. Under real conditions, acceptor impurities, namely gallium and 
indium, also enter into the germanium lattice, along with the arsenic, during the time of 
formation of the electron region, and therfore the concentration of the majority carriers can 
in the n region be only less than 6 x 1019 em-3, Consequently, in the investigated tunnel 
diodes, made of p germanium, the degeneracy in the hole region is greater than in the elec- 
tron region, i.e., Ly > Un- 
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Fig. 1. Volt-ampere charac- Fig. 2. Dependence of the 
teristics of tunnel diodes made voltage corresponding to the 
of p-type germanium: maximum tunnel current on 
The initial germanium has the the degree of degeneracy Lp 
following: 1—p=1.5:10 (or the concentration p) in 
em7?; 2 — p= 2.5+ 1019 em-3; the p region. 
3 p= 3-5-1019 em=-3; 4 — 1 — Diode made of p ger- 
p=5.3- 1019 em-3 manium; 2 — of n germanium 


Fig. 1 shows the characteristics of tunnel diodes made of p-type germanium with differ- 
ent majority carrier concentrations. The position of the maximum and the density of the 
tunnel current are seen to be strongly dependent of the degree of doping of the initial ger- 
manium. This agrees with the results of [1] in the sense that the position of the tunnel diode 
is decisively influenced by the degeneracy in the p region. 

Fig. 2 shows the dependence of the voltage corresponding to maximum tunnel current on 
the degree of degeneracy in the p region. This dependence is linear; the line has a slope 3/5. 
Thus, for the investigated p-n junctions the following relation holds true 


Vv ie 
Gumax 5 Mp (2) 


For comparison we made diodes of n-type germanium with constant concentration in the 
n region (2 x 1019 em-3), but with different alloying of the p region. Different concentrations 
in the p region were obtained by using different contents of gallium in the indium (from 0.5 to 
1.5 percent). Since the position of the maximum shifts for these diodes with increasing con- 
centration in the p region, toward the region of larger voltages, one could conclude that 
Up > Mn for these diodes. We therefore used relation (2) to determine the degree of degen- 
eracy inthe p region. Fig. 2 shows the calculated values of Up for these diodes. 

We then compared two pairs of diodes made of n and p germanium with identical values of 
voltages at the maximum (see Fig. 2). The volt-ampere characteristics of two diodes with 
Vmax = 80 mv were perfectly identical. For this pair of p-n junctions we can assume that the 
concentrations are equal both in the n and in the p regions. The values of the concentrations 
are listed in the table [p for diodes of n germanium was determined with the aid of (1) and 
( 2)]. On the basis of the satisfactory agreement of the volt-ampere characteristics of these 
diodes we can conclude that the concentration of the carriers in the electron region in a diode 


of p germanium is also 2 x 1019 cm-3, 
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ns em73 Ln 3 em7~3 
Diode of n germanium 2+ 1019 Oxoakale 3.5- 1019 
Diode of p germanium _ _ 3.5- 1019 


As regards the second pair of diodes of n and p germanium with identical value Vmax = 
~ 70 mv, the density of the tunnel diode at the maximum is different for them; the density of 
the current at the diode made Bos germanium is greater (2 x 102 amp/cm2) than for the diode 
of n germanium (8 x 10 amp/cm*). As shown in [1], the density of the tunnel current depends 
essentially on the concentration of the majority carriers in the n region, with increasing con- 
centration in the n region the density of the tunnel current increases; the voltage correspond- 
ing to the maximum tunnel current remains unchanged here. 

In connection with the foregoing, it is necessary to assume that in a diode of p german- 
jum the concentration of the majority carrier in the n region is greater than in a diode of n 
germanium. Since we know that the diode of n germanium has a majority carrier concentra— 
tion of 2 x 1019 cm-3 in the n region, the diode of p germanium should have in the n region a 
carrier concentration greater than 2 x 1019 em-3, From a comparison of the characteristics 
of the two diodes from p-type germanium, with Vmax = 80 mv (p = 3.5 x 1019 em-3) and 
Vmax = 70 mv (p = 2.5 x 1019 em~-3) we can conclude that with decreasing majority carrier 
concentration in p germanium the concentration of the electrons in the n region increases. 

It is obvious that when a drop of indium with arsenic is diffused into the p germanium, the 
arsenic more than offsets the gallium present in the germanium, so that an n region is pro- 
duced. Then, actually, with the narrow p-n junction produced under identical conditions, the 
concentration of the majority carrier in the n region should increase with decreasing concen- 
tration of gallium in the germanium, and vice-versa with the increase of concentration 
gallium in the germanium the concentration of the electrons in the n region should decrease. 
If the assumed compensation takes place, there should exist such a limit of gallium concen- 
tration in the initial germanium, for which the infusion of arsenic can no longer compensate 
the present acceptors, and no n region is produced. 

Actually, we did not succeed in our experiment to obtain tunnel diodes at majority 
carrier concentration in the p-type germanium greater than at 6 x 1019 em-3, 

It must be noted that by taking p-type germanium as the initial material we can appar- 
ently obtain tunnel diodes with better parameters compared with tunnel diodes made with 
n-type pa This is explained, in particular, by the fact that the concentration 
6 x 1019 em-3 is not the solubility limit for gallium in germanium, and therefore it is easier 
to obtain by infusion a more perfect p-n junction structure, than by using n germanium with 
an arsenic concentration close to the solubility limit. 


2. MAXIMUM TUNNEL CURRENT 


It was shown in [1] that the maximum tunnel current depends very strongly on the concen- 
tration of the majority carriers in the n region; at the same time the voltage corresponding 
to the maximum remains practically constant (for the same degree of doping of the p region). 
In this case we can assume that the main influence on the tunnel current is exerted by the 
transparency of the potential barrier, which depends particularly strongly (exponentially) on 
the thickness of the barrier, and consequently on the concentration of the majority n and p 
carriers. In order to test this hypothesis, we compared our experimental data with the ex- 
pression for the barrier transparency. The latter, as follows from [3], in the case of the 
simplest case of an homogeneous field in the junction, has the form 
ane. 2A BE! 
p exp (| 


where AE — width of the forbidden band; E — field intensity in the junction; my — reduced 
effective mass. Assuming AE = €p~e, where @, is the contact potential difference and 
E =@,/w, where w is the thickness of the blocking layer, equal to 
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current at the maximum on the concen- 

tration of the majority n and p carriers. 
Concentration in the p region is: 

1 —1.3- 1019 em-3; 2 — 1.8- 1019 em-3; 

3 — 2.5-1019 em-3; 4 — 3.2- 1019 em-3, 


diodes made of n germanium with concen- 
tration 2.5 x 1019 cm-3 in the p region. 


Peel +P) | 2 


Tle 
2nenp |; 
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To eliminate the unknown junction area we can take the ratio of the junction capacitance C to 
the tunnel current at the maximum, I. Then 


CIT ~ exp A (Rey 


np 


where 


3j, #1 : 

m'?m, ?AE 

Sa ee 
2he '? 


A == 


i.e., we should expect a linear dependence of In(C/1) as a function of [(n + p)/np 1/2, Fig. 3 
shows the experimental dependence of /n(C/I) on [(n + p) /np p/ 2 for diodes with a like de- 
generacy in the p region. The line on the figure has a slope 5 x 1019, The value for 

A=5x 1010 with AE = 0.7 ev yields mz = 0.08 ma. 

Thus, the behavior of the tunnel current at the maximum of the investigated region of 
concentrations can be approximately described by the expression for the probability of tunnel 
penetration of the electrons through the potential barrier. 

In accordance with the foregoing, the tunnel curreft at the maximum is quite sensitive to 
the degree of alloying of the n and p regions. Using relations (1) and (2), we can construct 
a family of experimental curves for the dependence of the tunnel current density on the con- 
centration of the majority n and p carriers for diodes made of n-type germanium. Fig. 4 
shows such curves. 
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3, DIFFUSION OF IMPURITIES DURING THE INFUSION PROCESS 


During the preparation of narrow p-n junctions of p-germanium, it was observed that the 
maximum of the tunnel current is strongly dependent on the temperature of infusion of indium 
with arsenic in the germanium. Fig. 5 shows how the maximum of the tunnel current shifts 
toward lower voltages with increasing infusion temperature. As follows from the statements 
made above, such a shift in the maximum corresponds to a de- 


08k cae crease in the concentration of the carriers in the p region, in spite 
105 ae 
| it Redhs eh Fig. 5. Voltage corresponding to maximum tunnel current as a 
50 x = function of the infusion temperature (p = 5 x 1019 em-3) 
ar ee of the fact that for all diodes the initially used germanium had the 


same concentration p. Such a change in carrier concentration in 
the p region with changing infusion temperature is possible because of the diffusion of the 
arsenic during the infusion process. It is known that the rate of diffusion and the solubility 
of the donor impurities greatly depend on the temperature [4]. Consequently, other conditions 
being equal (time of infusion and concentration of the arsenic in a drop of indium), the con- 
centration of the donor impurity contained in the p-type germanium increases, thereby more 
strongly compensating for the gallium present in the germanium, and thus decreases the 
concentration of the mobile carriers in p-germanium layer situated in the direct vicinity of 
thep-n junction. The reduction of the concentration in the p region causes the observed 
change in the voltage corresponding to the maximum tunnel current. 

Experiments have shown that as the infusion temperature increases there is also a de- 
crease in the density of the tunnel current, thus indicating a broadening of the blocking layer 
of the p-n junction with increasing temperature. 

In order to reduce the influence of the diffusion, tunnel diodes of p-type germanium were 
made in vacuum at a minimum possible temperature, 450°C. If the p-n junctions are pro- 
duced in a hydrogen atmosphere it is possible to use a lower infusion temperature. 


CONCLUSION 


We investigated experimentally the influence of the degree of alloying of n and p regions 
of a narrow p-n junction on the tunnel current, and particularly on the magnitude and position 
of the maximum of the volt-ampere characteristic. For the investigated diodes, which had a 
large degree of degeneracy in the p-region (Up > Uy), it was found that the voltage corre- 
sponding to the maximum tunnel current is deremmuded by the degree of degeneracy in the hole 
region: the position of the maximum is proportional to the degree of degeneracy Up: 

The change in the tunnel current at the maximum with changing majority carrier concen- 
tration in the n region is determined essentially by the concentration dependence of the prob- 
ability of the tunnel penetration of the electrons through the potential barrier. 

In conclusion the authors are grateful to S.G. Kalashnikov, V.L. Bonch-Bruevich and 
N.E. Skvortsov for a discussion of this work. 
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COMPARISON OF STATIC AND DYNAMIC 
CHARACTERISTICS OF GERMANIUM DIODES 
UNDER NEGATIVE BIAS 


L.S. Lototskii 


Results are described on an investigation of germanium diodes under negative bias in the 
dynamic mode. The design of an experimental parametric microwave amplifier is described. 
It is indicated that the static characteristic of diodes can be used to design parametric ampli- 
fiers. 


INTRODUCTION 


Semiconductor diodes operate in parametric amplifiers at pumping voltages of consider- 
able magnitude compared with the amplified signal, i.e., in the dynamic mode. At the same 
time, the parameters of the diodes are determined as a rule at low values of microwave 
power [1 and 2], i.e., in the static mode. 

In the design of parametric amplifiers it is usually assumed that the static and dynamic 
parameters of the diodes are identical, although this is not obvious. From the data avail- 
able in the literature one cannot draw any unique conclusions, since the multiplicity of struc- 
tural features of the parametric amplifiers make it difficult to express their parameters 
(gain, bandwidth, noise figure) in terms of the static parameters of the diodes. The correct- 
ness of this hypothesis cannot be readily checked by means of experiments on complicated 
parametric amplifiers. 

In this connection we undertook the followingtasks: first, develop a parametric ampli- 
fier with simplest equivalent circuit, the parameters of which can be expressed in terms of 
the static chracteristics of the diodes; second, by comparing the experimental results with 
calculation, asertain the possibility of using the conventional procedures to determine the 
parameters of diodes in it for parametric microwave amplifiers. 


1. EQUIVALENT CIRCUIT AND CALCULATION OF PARAMETERS 
OF EXPERIMENTAL AMPLIFIER 


Reference [3] contains the design of a single-loop parametric amplifier with a circulator 
at the input. The equivalent circuit of such an amplifier is shown in Fig. 1. In this circuit 
Xj,—reactance of the cavity; L—inductance of the diode whisker; Cg—capacitance of the barrier 
layer of the diode at the operating points; Rj —loss resistance of the diode; Cp—parasitic 
capacitance due to the cartridge of the diode and to the construction of the cavity; e—signal 
emf; Zo—wave impedance of the signal line. 

The circuit of Fig. 1 differs from the circuit used in [3] for calculation in the presence 
of the parasitic capacitance Cp. The influence of this capacitance can be taken into account 
by replacing the parallel connection of the elements between points a and b of the circuit by 
an equivalent series connection. This connection gives the circuit shown in Fig. 2, where 


xz oLD -— (Dj@Co) = @Cp Ri (1) 
D* +o CARY j 
R 
eran rer grr @ 
D* + COFy 


UNE SEP 


02 ~ x 
R 
Fig. 1. Equivalent cir- Fig. 2. Equivalent circuit Fig. 3. Equivalent circuit 
cuit of single-loop par- of single-loop parametric of single-loop parametric 
ametric amplifier amplier with account of the amplifier under reso- 
transforming action of the , nance condition and with 
parasitic capacitance Cp: the pumping voltage ap- 


plied to the diode. 
and D is a transformation coefficient that takes into account the influence of the parasitic 
capacitance Cp, 
/B} 4) + (Cp Co) — o°LCp. (3) 
When the circuit is tuned to resonance we have 


X+X, =0 (4) 


and the equivalent circuit of Fig. 2 is transformed to that shown in Fig. 3, where R_g¢ is the 
effective negative resistance introduced into the circuit when the pumping voltage is applied 
to the diode. With account of the transformation we get 


R_ef = m (A — a)/2@0CoD?, (5) 


where 


Cc — CL; 
Cer ene, (7 Cat oft set ee eee 
P Cmax + min 
m—depth of modulation of the capacitance of the barrier layer of the diode. 
For the parametric amplifier described by the equivalent circuit of Fig. 3, we can write 
the expressions for 


1) the power gain G: 


2 
a {Zo “| (Ry /D*) —|m (1 ayLavCoD™ > (6) 
2) the bandwidth Af/fo: 
Afifo ~ woCoZoD/V G; (7) 
3) the noise figure F 
eee 
ial Dea 5 (8) 


In reference [3] the calculation is made for an equivalent circuit with lumped circuit 
parameters Land C. In practice it is impossible to construct for the microwave range a 
cavity which corresponds completely to the equivalent circuit of [3]. 

The cavity used in the experimental parametric amplifier of the circuit was tuned to res- 
onance by means of an inductive loop, which modified the frequency characteristic of the 
amplifier. However, the influence of the inductive loop on the bandwidth of the amplifier can 
be accounted for. As is well known, the bandwidth is determined by equating the active and 
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‘reactive components of the loop impedance 


In our case 


X (@o) ~ (A/D) [@oL — (t/a Co) — oC pRi/D] + Z, tg 2 (9) 


Syme 
where /—length of the inductive loop, and c—velocity of light, 
r = Zo + (Ry!D?) — Im (1 — a)/2@0CoD?]. (10) 


Formulas (6)—(10) are written for the condition D2 > w2L2C2. In the microwave band 
this relation is certainly satisfied, and w2L2C2 can therefore be neglected. 


Subjecting wo to an increment Aw/2 and expanding in powers of Aw/2, we obtain 
A : are 
Jar (I/D) [woke ++ (Laos) — aol pR{/D] + (Zowol/e cos? %*)} — 
= Zo + (Ry/D*),— bm, (4. — 0)/20CoD?), 


The expression for the relative bandwidth of the amplifier, with account of the inductive loop, 
is therefore 


2 (Zy) + (R,/D?) — [m (1 — a)/2@0C oD? }} 
(1/D)l@oLa + (1/a0Ce)— OC pR3/D] + ( Zowol/e cost “J 
Equation (11) can be simplified. Recognizing that 
VG =Zo/{Zo + (Ry/D?2) — [m (4 — a)/2@0CoD?)} 
and adding and subtracting 1/wgCo and Zotan (wo//c) to the denominator of (11), we get 
é 
Ao/@ = = aL (12) 


l 1 a 
lee : cos?) — tg ool/e|} VG 


i (2/D@oCo) +- Zo 


Formula (12) differs from expression (7) for the bandwidth in that it contains an additional 
term in the denominator, so that bandwidth is decreased. In order to use the formulas given 
above it is necessary to know the parasitic capacitance Cp. This capacitance depends on the 
construction of the resonator in which the diode is placed, and may not coincide with the 
capacitance of the diode cartridge, measured in accordance with the procedure given in [1] 
and [2]. 

If the coupling between the resonator and the line delivering this signal is independent 
of the frequency, and if its magnitude is such that the wave impedance Zo of the line is com- 
pletely included in the active losses of the resonant circuit, then the parasitic capacitance Cp 
can be measured on the basis of the following considerations. 

The VSWR in the signal line, for an amplifier tuned to resonance, is 


p = Z,/R = Z,D*/R. (13) 


If we tune the circuit to resonance in the absence of the pumping frequency at two values 
of negative voltage applied to the diode, i.e., for two known values of the barrier-layer 
capacitance Co of the diode, then we obtain two values of p. Then, using (3) and (13), we 
obtain two equations for Cp and L: 

At (Cp/Co1) — oF LCp =) pil, /Zo, 
1 = (Cp/Co2) — oP LCp = V PR, /Zo, 


ilg/Aly) 


the solution of which yields 


= V p28 y/Zo — V rik, 'Zo 
si PAS 
Co2 Cor 


Cp 


where (Pj, 09, and Co1, Cog are the values of the VSWR and the barrier-layer capacitance of 
the layer at bine voltages U; and Ug respectively. 

Thus, knowing Cp, we can calculate the gain, the bandwidth, and the noise figure of a 
parametric amplifier using the static parameters of the diode Co, Rj, and m. 


2. EXPERIMENTAL RESULTS 


We designed a parametric amplifier in accordance with the equivalent circuit given 
above. In the design of this amplifier the characteristic impedance of the line Z9 was so 
chosen as to completely compensate for the tuned-circuit insertion losses in the presence of 
maximum utilization of the diode, i.e., 


Zy + (R,/D*) = mmax(1 — a)/20,CD*. (14) 


The plots based on (14) and shown in Fig. 4 allow us to determine the required value of Zo 
for different values of the static diode parameters Cg, Rz7, and m. The construction of the 
amplifier enables us to change Zg within 
~ the required limits. The bandwidth and 
ea 3 the noise figure of the experimental 
amplifier were measured. 
The bandwidth of the amplifier was 
calculated from the measured gain G 
and from the known values of Zo, Co, 
Wo, 2, and D. The comparison of the 
measured gain with the calculated one 
is meaningless, since the denominator 
of (6) contains a quantity determined 
¥; with low degree of accuracy. It must 
also be noted that the value of a true 
coefficient of the diode-capacitance 
modulation is not known exactly for the 
amplification mode, and this may result 
in additional errors in the calculation of 
the gain. 


Z,,ohm 
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Fig. 4. Zo as a function of barrier-layer capaci- 
tance Co of diode at operating point for different 


; 2 : The result of the measurements are 
values of m (solid curve, m = 0.4; dashed curve, : 3 ? 
m = 0.6) and Re: 1—Re=5 ohms; 2 —Re= listed in the table, which shows the 


=140.Chmsnd enna o0on : agreement between the measured and 
ms e OnENe) calculated bandwidths is satisfactory. 


Diode ’ Measured values Calculated values 
b Co ppt 

aac Sie G, db Af, Mes Af, Mes 
444 0,15 27 7 10 
468 0,08 27 5 7, 
455 0,08 29 5 3 
360 0,13 22 17 14 
470 0,15 20 15 14 
378 0,42 25 {1 9 
357 0,17 ik 10 11 
649 0,14 27 9 8 
641 0,14 26 14 13 
643 0,18 PY 7 12 


This enables us to conclude that the static parameters of the diodes can be used for the calcu- 
lation of the basic characteristics of microwave parametric amplifiers. 
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In conclusion, the author considers it his duty to thank K.A. Merkur'ev for help and 
guidance in the development of the experimental model of the amplifier, and also to Yu. F. 
Sokolov and N.E. Skvortsova for a discussion and critical remarks concerning this work. 
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BRIEF COMMUNICATIONS 


TRANSIENT NOISE IN TWO-PATH 
RADIOWAVE PROPAGATION 


A.V. Prosin 


It is known that UHF waves propagate in the troposphere along multiple paths. As a re- 
sult, the received signal is a superposition of two or more oscillations with different ampli- 
tudes and phases. In radio relay lines with frequency modulation and frequency sharing, 
where both tropospheric scatter and line of sight propagation are used, the multiplicity of 
paths gives rise to transient noise in the communication channels. In the present report we 
present a procedure for calculating the transient noise occurring in two-path propagation of 
radiowaves, for the special case when automatic frequency control of the transmitter is used 
to select the optimum operating point on the phase characteristic of the two-path channel. 

Let the transmitter signal have an instantaneous frequency 


© (t) = @ + Aa,,iu (t), (1) 


where wog—angular carrier frequency; 4w,,—maximum angular deviation of the frequency; 
u(t)—multipath message satisfying the condition -1 < u< 1 with probability close to unity. 
The modulating function u(t) is a stationary random process obeying a normal probability 
distribution law. 

In the case of two-path radiowave propagation the frequency phase characteristics of the 
propagation medium will then be 


A (0) = VIFF 2k 008 © (Oy, (2) 
9 (w) =arctg Terese mel (3) 
ple) 2 where k<1 is the ratio of the signal amplitudes 
ros two paths. 


Fig. 1 shows the phase characteristics of the 
propagation medium for three values of k. The plots 
of formula (3) cover the range from 0 to 27. It fol- 
lows from (2), (3), and Fig. 1 that the frequency and 
phase characteristics are periodic functions of the 
argument w (t) Tq. 

An analysis of Eq. (3) and Fig. 1 shows that the 
cross talk will be minimum when the operating point 
on the phase characteristic of the propagation medium 
is a multiple of qm. At such a choice of operating 
point the phase characteristic for k = 1 is linear 
within the limits + 7. In this case there will be no 
transient noise in the communication channels if an 
ideal frequency detector is used in the receiver. 

In practice k and tg are random functions of the 
time, the rate of change of which is quite small 


K=10 | (smaller to larger); Tq—relative time delay between 
i 
l 
| 
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compared with the rate of change of the modulating message. The variations of the ratio of 
the signal amplitudes will lead to a change in the form of the phase characteristic. The 
fluctuations of the relative time delay cause the operating point to wander over the phase 
characteristic of the propagation medium. 

It follows from (1) and (3) that the position of the working point on the phase character- 
istic is determined by the product wotg. Inasmuch as rq varies rather slowly compared 
with u(t), we apparently can, by automatic control of the transmitter carrier frequency, 
choose and maintain the required operating point on the phase characteristic. A description 
of practical means for realizing this special automatic control is beyond the scope of the 
present report. In particular, it can apparently be realized by measuring the amplitudes of 
the second and higher harmonics, arising when a special test tone is transmitted over the 
communication lines. 

Let us proceed to calculate the transient noise under the condition that this automatic 
control has chosen on the phase characteristic of the propagation medium the optimum oper- 
ating point, corresponding to the product woT3 =n-+ 7, wheren=0, 1, 2, 3,... AwT, where 
Aw = Awmu(t): 


@ (A®) = Go + Gido + QAw? + gAw?+...+ 9, Ao? +.... (4) 


Since the function (3) is odd, the constant term (oq in (4) as well as the even terms of the 
expansion, such as (9, $4, etc., will vanish. The second term in (4) is the initial undis- 
torted multipath message. Then the expression for the phase distortion will be 


Ag (Aw) = psAw? + gsAo® + So? 4+... (5) 
In formulas (4) and (5) 
Tq k 
fi = wip 1+ (6) 
Ta kL —k) "4 (7) 
eeijetal (ia ore 
4 k (1 —k) iz 


(5 — 6k° — 33k4 — 52k3 — 33k? — 6h -+ 1) = Ye, (8) 


5! 


5s = "5! (42k)? 


tq k(1—k) 
f= TO He 


(1—571k? —664k3 + 498 k4 + 1316k> 4+ 850k§ — 44k? — 211k8 — 


7 


: 4 
— 6k%) = ii Ys. (9) 


Fig. 2 shows the functions yj, yg, and y3 vs. k. It follows therefore that when k = 1 the 
functions y1, yg, and y3 vanish. Consequently when k = 1 the expression (5) for the phase 
distortion also vanishes. 

It is shown in [1] that in a telephone channel at a point with zero relative level the 
psophometric power of the cross talk resulting from nonlinearity of the phase characteristic 
of a two-port is 
F Ko 


(%) 


Z AF 


= 109 


n OF : 62 Neo cP avye (8, 0) ol sans Hw (10) 


where the phase characteristic of the two-port is approximated by the polynomial (4). Conse- 
quently, the calculation of the crosstalk in double-path propagation of radiowaves reduces to 
a calculation of the transient noise occurring when a multipath frequency-modulated signal is 
transmitted through a two-port with nonlinear phase characteristic. , 

Substituting (7) —(9) in (10) we obtain a calculation for the transient noise in two-path 
radiowave propagation 


Oy eee eG : 
Arete a Sal Q2 18 Aw avys (8, 5) + ++ 


Pum 6 (4 + )® AE Cid oa (11) 


where AF¢ is the bandwidth of the telephone channel; (Kp—psophometric coefficient Kp = 0.75 
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when AF, = 3.1 kes); AF = Fg —Fy — bandwidth of all the channels in the linear spectrum of 
the multipath message; Fg and Fy —upper and lower limits of the linear spectrum; Q)¢=27FQ; 
Fe—mean frequency of the channel in the 
linear spectrum of the multi-path communi- 
cation; Awe = 27Afc; Af.—effective fre- 
quency deviation per channel; bay—differ- 
ence in nepers between the average power 
level of all the channels and the measuring 
level of one channel (in accordance with the 
ITCC (Intl. Telephony Consultative Com- 
mittee) recommendantions [2] bay = 1.72 + 
+ 0.5 In N, where N —number of telephone 
channels; y3 (8,0)—a coefficient deter- 
mined from the curve of Fig. 6.2 of [2]. 

In real communication systems on 
UHF the time delay usually does not ex- 
ceed a fraction of a microsecond. At such 
values of tq it is relatively easy to fulfill 
the inequality 


Fig. 2 Mmng22%q S45 (12) 


where Mme—effective index of modulation. When (12) is satisfied, it is necessary to take 
into account in (11) only the noise due to third-order nonlinearity (first term of (11)). Higher- 
order nonlinearity will be considerably less and can therefore be disregarded. Henceforth in 
the analysis of transient noise we shall assume that inequality (12) is fulfilled. 

The table lists, in accordance with the recommendations of the ITCC [2], the parameters 
of multichannel radio-relay communication lines with frequency modulation and frequency 
channel sharing. The last column yields the values of Tg, calculated on the basis of (12). 


; End-point Effective ‘ 
Maximum Effective 
ber of cee CACy ee index of Tq, micro 
pes of line deviation d: 
working modula - seconds 
spectrum, per chan- é 
channels 1G tion 


60-300 
60-552 
60-1052 
60-2044 
60-2540 
60-4028 


Analysis of (11) shows that the crosstalk has a maximum in the channel with frequency 
Qe =OQ2g. When k= 0 and k= 1 there will be no crosstalk. The maximum distortions occur 


when km = 2—/3. The maximum transient noise at k = ky, according to (11) and (12), will 
be 


109 (3V 3 — 52 AF, K2 
Paw re a Vip AF Mr PoteaysG, 0) <3) 
In (13) the constant coefficient is 1.4 x 106, 

In determining the spectrum of the crosstalk [and consequently also in (11) and (13)] the 
values of k and Tg were assumed constant, since their rate change is quite small compared 
with the rate of change of the multipath message. We shall henceforth assume that k and a 
are independent stationary random processes. Then the power Pram will be, like k and Tq 
a random stationary process, for which the time average is equal to the statistical mean ; 
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co co 
Poa = Panlh, t,) = \ \ Panlatg) W (ky ) akary. (14) 


—oo —co 


We assume further that: 1) the amplitudes of two signals arriving at the reception point 
are independent and satisfy a Rayleigh probability distribution law, having equal mean values, 


Y, fi W(k) 
150) 3:10%3— 


Wik) 


125) oe 

Yes 
fate i | 
O75 +1510" 
050\-110° 
tab 


0 af O2 O83 Ob 05 06 a7 06 09 {0K 
Fig, 3 
2) the relative delay is uniformly distributed in the interval Tgm, where Tgm is the maximum 


time delay. Then the distribution functions of k and Tg will be equal to [Eq. (15) is derived 
in the Appendix]: 


bk 
W (i) = G 7 Be OSF <1, WHO, O>k>1, (15) 
(a %, t ov, 
d d d t, 
w(—*)=1, 0<--<1, w([(-*)= =e 16 
ee > Tdm o &) ve gs T3m Ea ( ) 


4 
Substituting (11) and (15) and (16) in (14) and taking (12) into account we obtain 


(CFREGERE \ tan 


/ 


z em 6 
AF.K? (eee é 
Pha = 2 (= AF Q2r8,A@yeavys (E70) \ \ Sa ( : ) ‘ 
00 


Ta AF.Ka 
x dkd ( ) == (5 a E RAwirs,,eravys (8, 0). (17) 


Fig. 3 shows a plot of the function y4 = k3 (1 —k)2(1+k) -6(1 +k?) -2. From an analysis of 
(13) and (17) it follows that when averaging over k and Tg, the power of the transient noise 
decreases by 14 times compared with the maximum (13). It is interesting to note that in the 
ease of uniform distribution of k within a range from zero to unity, the power Pyg is also 


determined in practice by (17). 
In conclusion we give an example of the calculation of the transient noise. A multipath 


system has the following parameters: N = 240, AF = 3.1 kc, Ky = 0.75, AF = 1052—60 Kes 
Fog = 1052 ke, Afe = 200 ke, bay=1, Tdm = 0.2 microsecond, y3(f, o) = 0.45. Substituting 
all the necessary values in (17) we obtain Png = 200 micromicrowatt. 

APPENDIX 


Derivation of Formula for the Distribution Function of the Quotient of Two 


Independent Random Quantities Obeying a Rayleigh Law With Parameters 
o1 and o2 
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The distribution function of the quotient has the form 


2 
x2 


angel: : a hter ers (D 
Con \ee EY \ oem da. 
Wile = hy) zat iei2 1 
Integrating, we obtain 
6202 hy 
i A Ta Se) aS (D 
w(2 =) aap 
Analogously we have for x;/xg = kg 
zo oP hs 
1 ie \ 
uae ha) TA iD tia 2 (iit) 
1 a i saa 
When oj = og we have 
2k 
W (k;) - W (ke) -- W(k) = 5 (IV) 


In (I) — (IV) the amplitude ratios k, ky and kg vary from 0 tow. Choosing always the 
ratio of the interfering beams in such a way as to make k < 1, we obtain 


4k 
W (kh) = 7 ep OS kT (h) 20 On ee te (V) 
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CONCERNING ONE CASE OF DETERMINATION OF 


THE STATISTICAL CHARACTERISTICS OF THE PHASE OF A 
VACUUM-TUBE SELF-OSCILLATOR IN RESPONSE 
| TO A LOW-AMPLITUDE VOLTAGE 


A.N. Shusterovich 


Certain interest attaches to the determination of the energy spectrum, the correlation 
function, and the phase dispersion of the oscillations in a single-circuit self-oscillator of the 
Thomson type, in response to a small external voltage of constant amplitude, if the deviation 
of this voltage relative to the self-oscillator frequency is a stationary random process with 
zero mean value. 

It is known that when a small-amplitude voltage is applied to a single-circuit self oscilla- 
tor of the Thomson type, the phase of the self oscillations can be described [2] by an abbre- 
viated nonlinear differential equation of the form 


= +d sin p= A, (1) 
where ag = Egwo/2A0 — synchronization band of the self oscillator: Agwo, @ — amplitude, 
frequency and phase of the self oscillations; A = wo — p — frequency deviation; Eg and p — 
amplitude and frequency of the external voltage; t — time. Introducing the relative time 
T1 = tag, expression (1) can be reduced to the form 


a4 sine GAG (2) 
& 
where Aj = Aao — relative frequency deviation. 
In view of the difficulty in solving the nonlinear equation (2), it is sometimes replaced by 
the linear equation 


dp 
enna = A). (3) 


Such a substitution is permissible if Aj «1. A linear system described by equation (3) has 
a frequency characteristic 


1 
Vite 


{(Q) = (4) 


where QQ— relative frequency (frequency referred to the synchronization band). 

Let Aj, which is a relative deviation of small magnitude, be a continuous differentiable 
stationary random process with zero mean value and energy spectrum f(Q). 

Then the energy spectrum of the phase of the oscillations of the self oscillator Fo(Q) can 


be represented, taking (4) into account, in the form 


F (Q 
F,(2) =o (5) 
and the correlation function By(rT) and the dispersion By(0) of the phase be represented by [1] 
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2 


B, (0) = =| aoe cos 2t dQ, (6) 
0 


B, (0) = =) F (2) a9, (7) 
; y 


where T is the interval of the relative time Tj. 2 
We note that the integrals (6) and (7) are always convergent, even when the correlation 
function of the frequency deviation 


co 
B(x) = 1. | F (Q) cos Gr do 
an 


and the dispersion of the frequency 


co 


B (0) = sh F (Q) dQ 
0 


are divergent integrals. 

Thus, the requirement that the detuning process be continuous is not essential for 
formulas (5), (6) and (7) to be applicable. 

Expressions (6) and (7) are not always easy to integrate. In this connection interest can 
attach to a determination of the conditions under which we can neglect (3) the derivative, for 
a specified accuracy of determination of the dispersion of the self-oscillator phase. The cor- 
responding expression greatly simplifies if the derivative is neglected: 


B,(0)~ B (0). (8) 


Obviously, neglect of the derivative in (3) is possible if the frequency deviation A, 
varies sufficiently slowly and the phase of the self-oscillator varies slowly. 

To take into account the influence of the derivative in (3), we introduce a ''slowness 
coefficient" M: 


B, (0) 


where By(0) is the dispersion of the phase of the self oscillator with account of the derivative 
in (3); B(0) is the dispersion of the frequency deviation A,. In accordance with (8) this dis- 
persion is equal to the dispersion of the phase of the self-oscillator, provided we neglect the 
derivative in (3). The closer the slowness coefficient to unity, the less the influence of the 
derivative in (3) on the phase dispersion. 

The table shows the values of the slowness coefficient for 
different forms of frequency-deviation energy spectra (Fig. 1), 
f, | as a function of the boundary frequency of the spectrum Qp. For 

the spectrum of Fig. 1b, which has the form 


F/8) 


= Fo 
BQ) S55 Tem 
SS 
0 2, 8 where a= const, we take the end-point to mean the effective 
spectrum width 
A ( F (Q) dQ 
2st 6 = 
oD Oh ae (9) 


An analysis of the table leads to the following conclusions. 


1728 


Values of the Slowness Coefficient for Different Energy Spectra 
of the Frequency Deviation 


Form of Spectrum 


Rectangular (Fig. 1a) 4 0,990 0,977 0,935 0,835 0,8 
Similar to Fig. lb 1 0,99 0,985 0,945 0,850 0,860 
Triangular (Fig. Ic) 4 1 1 0,98 0,99 0,89 


The smallest slowness coefficients are possessed by a rectangular spectrum in which the 
spectral density is constant within the range 0 =0-Q 

With decreasing spectral density at the high frequencies of the spectrum the correspond- 
ing slowness coefficients increase. Thus, for example, for a triangular the slowness coeffi- 
cients are greater than for the spectrum of the form shown in Fig. 1b. 

Accordingly, in real spectra of similar type the slowness coefficients are also greater 
than in a rectangular spectrum. 

In this connection, the slowness coefficients for a rectangular spectrum can serve as a 
criterion for determining the boundary frequency of the energy spectrum of slow process, 
i.e., a process in which the derivative can be neglected in Eq. (3) for a specified accuracy 
in the determination of the dispersion of the self-oscillator phase. 

Thus, for example, if the accuracy in the determination of the dispersion permitted is on 
the order of 5 percent, we obtain from the table that for this case 

2, = 0,4-—-0,5. 

It should be noted that in choosing Q) by this method for real spectra, we determine 
this value with a ''safety factor", since actually the permitted boundary frequency is higher. 

We can also assume that the processes which are slow in the sense indicated above for 
Eq. (3), are also slow for Eq. (2), provided the probability of having Aj > 1 is very small. 
In this case we can determine the dispersion of the self-oscillator phase neglecting the 
derivative in (2). 
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HIGH-FREQUENCY ROTATING FIELD 
IN CYLINDRICAL CAVITY 


L.I. Artemenkov, I. V. Galkin 


As shown in reference [1], it is possible to produce effective confinement of a plasma 
in a constant longitudinal field by using electromagnetic standing waves of circular 


polarization. ae 
A high-frequency field of this type can be obtained in a cylindrical cavity operating in 


the Hj11 mode under the excitation conditions indicated below. 


(=250 \d-00_ 
mm mm, 


1§db 


aera 
P 
ae 
GOL eee = Tn 
Ronhiue ta 
ih 


M5 fyi 77 746 f, Mics 
Fig. 1. Diagram of the experiment: Fig. 2. Resonance curves for two 
A-A — direction coinciding with the polarizations in the case when the 
orientation of the rod coupled to the resonant frequencies of the passive 
generator — active polarization; (fp) and active (fg) polarizations do 
P-P — direction of passive polari- not coincide (fp # fg). 


zation, turned 90° relative to the 

active polarization; R — attenuator; 

L — matched load; Q — indicator 
loop. 


The experiments were made with a copper cylinder called cavity (Fig. 1) at a supply 
generator wavelength Ag~ 40 cm. The fields in the cavity were determined by means of 
loops and two rods. The loop was placed in the beyond-cutoff segment of the round wave- 
guide on the end of the cavity and could be rotated about the axis of the latter. The loop 
dimensions (~ 10 x 10 mm) and the distance from the plane of the end of the cavity were 
chosen such that the presence of the loop did not distort the field pattern inside the cavity. 
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.The rods were oriented in the direction of the electric field of the active and passive polari- 
zations. Their depth of insertion could be varied. 

The experiments performed have shown that when the resonant curves of both polariza- 
tions overlap (Figs. 2 and 3)* and when the the tuning to the frequency f, is exact, the de- 
pendence of the loop detector on the angle of rotation is nearly elliptical (Fig: 5, curve O) 
regardless of the detuning relative to f,.- In this case the access of the ellipse are oriented 
along the preferred directions (A—A; P—P) with accuracy of + 10°, 


143 7h 745 f, Mics 

Fig. 3. Resonant curves for two Fig. 4. Example of dependence of 

polarizations in the case when the angle of rotation of the axis of 
fp = fg. the ellipse on the detuning for the 


case fp = fy. 


The ratio of the axes of the ellipse can be regulated by changing the Q in each of the 
polarizations and the detuning relative to fg, so that we can obtain from the readings of the 
detector coupled to the loop an ellipse that is quite close to a circle. 

In the case of negative detuning relative to f, (point 1 on Fig. 2), the axis of the ellipse 
shifts clockwise and when the detuning is positive (point 2 on Fig. 2) it shifts counterelock- 
wise. The ratio of the semiaxis is different here for different cases. 


Fig. 5 160° 
a — dependence of the loop detector current 0 160° 
on the angle of rotation for the points 0, 1, 2 ? aan 
= eo aba te curve of passive polarization - Tonle | lee 
b — position of resonator relative to the polar / i 
coordinates. 0° 
w a b 


The change in the angle of rotation of the axes of the ellipse as a function of the detuning, 
shown in Fig. 4, when the detuning is small and consequently when the field intensity changes 
little, is due to the change in the phase shift between the oscillations of the active and passive 
polarizations. 


*In Figs. 2, 3, and 4 the ordinates are the relative currents in the rod detectors, and 
different scales are used for Ip and Ig. 
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All the foregoing enables us to conclude that when the generator is tuned to the resonant 
frequency of passive polarization between the field components of the H114 mode, corre- 
sponding to two preferred mutually-perpendicular directions, a time phase shift of 7/2 is 
produced. , 

This result corresponds qualitatively to a 7/2 phase shift between the primary and sec- 
ondary currents in inductively coupled circuits with lumped parameters when the second 
circuit is tuned to the generator frequency. 
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MEASUREMENT OF THE POWER 
OF AMPLITUDE FLUCTUATIONS 
OF REFLEX KLYSTRON 


S.A. Kornilov, M.V. Lavrov 


The simplest method of measuring the amplitude fluctuations of a microwave generator 
is direct detection [1, 2]. When the investigated oscillations have limited power, the only 
detector that can be used at present is a semiconductor diode. The use of this diode, how- 
ever, is difficult because the excess noise increases strongly in the low-frequency region, 
the spectral density of the noise varying as 1/f. 

It is possible to separate the detected generator noise from the internal noise of the 
detector by using coherent (balance) measurements, the use of which for the investigation of 
microwave generator noise is described in references [3] and [4]. In particular, Nikonov [4] 
published the results of measurements of the amplitude fluctuations of reflex klystrons for 
the 3-cm band in a range from 100 ke to 30 mc. In the present communication we report the 
preliminary results of measurements of the power of amplitude fluctuations of a reflex kly- 
stron in the range from 5 to 200 kc. Since the excess noise of the crystals is quite consider- 
able at these frequencies, the measurements necessitated the construction of a coherent 
measuring system, capable of registering the power of the detected amplitude fluctuations at 
a level 20 db below the power of the internal noise of the detectors. * 

As in [4], the measurements were made in the 3-cm band. 

The block diagram of the measuring setup is shown in Fig. 1. The investigated micro- 
wave oscillations were split among two channels by a bridge unit. After detection the fluctu- 
ations are amplified and fed to a switching unit, which produces at its output the sum or the 
difference of the channel voltages. 

If the investigated generator is not noise modulated, then the in-phase or out-of-phase 
connection of the channels yields identical readings of the output power meter, since the 
internal noises of the channels are incoherent. In the case of amplitude modulation of the 
generator, detection will produce in both channels a coherent component, which causes a 


*The methodological problems connected with two-channel measurements were solved 
jointly with S.S. Kratetskii and E.I. Khatskevich. 
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| 1 — investigated generator; 2 — ferrite modulator; 

3, 6, 7 — ferrite gates; 4 — power indicator; 5 — 
matched slotted bridge; 9, 10 — broadband channel am- 

-plifiers (5 — 200 kc); 8 — phase shifter for balancing 
the channel phases; 11 — switching unit; 12 — tunable 
filter for the analysis of the fluctuation spectrum; 13 — 
meter for the fluctuation power (square-law detector 
with integrating network and pointer meter). 


Il Channel 


a difference in the readings of the power meter when adding and subtracting the channel volt- 
ages. To prevent errors due to parasitic high-frequency coupling between channels, result- 
ing from the noise modulation of the waves reflected from the detector, ferrite gates are 
connected in the detector arms of the bridge. The total decoupling between detectors, in- 
cluding the decoupling between the bridge arms, was not less than 50 db in this apparatus. 

An analysis of the fluctuation spectrum is made after commutation of the signal, so that 
less stringent requirements had to be imposed on the complete equality of the channel ampli- 
fier characteristics; these amplifiers had sufficient bandwidth to transmit the entire investi- 
gated fluctuation range. 

The filter passband was 300 cps at frequencies from 5 to 20 ke and 2 ke at frequencies 
from 20 to 200 kc. 

The time constant of the integrating circuit of the power meter was chosen on the basis 
of 100 percent error in the measurement of the noise power, due to natural fluctuations. 


Fig. 2. Dependence of the ratio of the signal power to the spec- 
tral power density of the amplitude fluctuations on the frequency: 


1 — center of the oscillation zone; 2 — half-power point on 
the low frequency edge of the oscillation zone; 3 — half-power 


oint on the high-frequen dge of the oscillati : 
p ig quency edge e oscillation zone “ot o> eee 


The apparatus was balanced (i.e., the amplitudes and phases of the output of the chan- 
nels in the narrow filter band were suitably set) by external modulation of the microwave 
oscillations with the aid of a ferrite modulator. My 

The apparatus was calibrated by comparing the action of low-frequency noise at the input 
of the amplifiers with the action of sinusoidal voltage of equivalent power, with subsequent 
recalculation to high frequencies using the conversion losses measured under the experi- 
mental conditions. 

Fig. 2 shows the results of the measurements of the amplitude fluctuations of a reflex 
klystron at the center of the oscillation zone and at the half-power points. 

In the center of the zone the noise modulation level is lower at the edges, and particularly 
large noise is observed when the detuning is towards the high-frequency side. With decreas- 
ing frequency of analysis, the relative level of the coherent components in the channels de- 
creases, since the spectral density of the amplitude-fluctuation power of the reflex klystron 
changes much more slowly than 1/f, while the noise spectrum of the detector varies as 1 
Thus, at the 5 kc point the sensitivity of the apparatus was no longer sufficient to measure 
the fluctuation power at the center of the oscillation zone. 

The results obtained at 200 ke agree with the Nikonov data [4]. 

Worthy of particular attention of the frequency dependence of the spectral density of the 
investigated amplitude fluctuations. Our data contradict the data given in the article by 
Malakhovy [5], according to which the low-frequency amplitude fluctuations of a reflex klystron 
have a 1/f power spectrum. 

If this were true, the difficulties in the measurement of the high-frequency amplitude 
flucutations would not occur: the ratio of the power of the detected noise of the klystron to the 
power of the internal noise of the detector would remain constant. We are inclined to assume 
that the frequency dependence we obtained for the amplitude noise of the klystron is over- 
estimated as a result of the inaccuracy in the calibration of the setup, and that actually the 
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amplitude fluctuations have an almost constant spectrum in the investigated range. Measure- 
ments made by Aitchison [6] with a superheterodyne procedure show precisely such a result. 
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CONDITIONS FOR OBTAINING MINIMUM PULSATIONS 


OF ELECTRON BEAMS FOCUSED BY A HOMOGENOUS 
MAGNETIC FIELD IN SYSTEMS WITH 


PARTIALLY SCREENED CATHODE 
S.1. Molokovskii 


The problem of reducing the pulsations of the electron beam by adjusting the flux of the 
magnetic field through the surface of the cathode was examined by Mendel [1]. He showed 
that the pulsations of the flux are minimal if 


Ki Ae PS (1) 


ae De 
207, 


where K= (N1/No)2 — screening parameter of the cathode, equal to the square of the ratio of 
the flux of the magnetic field through the cathode surface to the flux of the magnetic field at 


the input in the region of the focusing field; Wy = Vv no /¢ — plasma frequency; Wy], = 4 ieee 


Larmor frequency. 

Relation (1) has been obtained under the assumption that the radial velocities of the elec- 
trons at the entrance to the region of the homogeneous field is zero. Since under real condi- 
tions one of the many sources of electron-beam pulsations are the non-zero radial velocities 
of the electrons at the entrance to the focusing zone, it is interesting to determine the condi- 
tion under which minimum pulsations are obtained, with account of the initial radial velocitie; 
of the electrons. This can be determined by finding the minimum of the amplitude of the 
pulsations as a function K, 


Using the results of [1], the amplitude of the pulsations can be represented in the form 


4» hein \ 2 feds oF, 5 0)? 
= (&) | of 43K) + 4 +| of (eyes =| 
bn= y ‘ps ae : ; (2) 
O22 
| of (1+ 3K) + He 
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where ro is the initial radius of the electron beam; (dr/dt)y — initial radial velocity of the 
peripheral electron. 


From this we determine, using the conventional method of founding the extremum of a 
function, the following condition for the minimum of the pulsation amplitude 


(3) 
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In the case of zero initial radial velocities this condition, as can be readily seen, goes 
over into the Mendel condition (1). 


Expression (3), together with the initial equation (2), is strictly valid within the frame- 
work of the linear theory of electron-beam pulsations [1]. However, numerical calculations 
on the motion of the peripheral electron, made for the case of large disturbances, using the 


equations from nonlinear theory [2], yield optimal values of K which are close to the value 
determined from (3). 


REFERENCES 


1, J.T. Mendel. Proc. IRE, 1955, 43, 3; 327. 
2. C.C. Wang. Proc. IRE, 1950, 38, 2, 135. 


Received by editor 20 March 1961 


1735 


LETTERS TO EDITOR 


STORAGE OF NOISE IN AN ACCUMULATOR 
WITH DELAYED FEEDBACK 


In practical realization of optimum filtering of a periodic sequence of pulsed signals in 
noise, use is made of accumulators with delayed feedback (see [1], Fig. 1a), which comprise 
a linear filter with transfer function K(w), a feedback look with transfer coefficient m< 1, a 
line producing a delay equal to the repetition period T of a pulsed signal, and a summing 
unit. Under the assumption that all the elements of the accumulator are linear and that all, 
except the filter, have a uniform amplitude-frequency characteristic within a sufficiently 
broad band of frequencies, reference [1] has considered the accumulation of white normal 
noise in such accumulators. In this case the noise power at the output of the accumulator 
was calculated for the steady state from the frequency characteristics of an accumulator with 
delayed feedback. : 

We proposed below a different approach, which enables us to consider the accumulation 
of noise with non-uniform spectrum and to calculate the noise power at the output of the 
accumulator with delayed feedback after any number of accumulation cycles. 

Let us consider the accumulation of a stationary noise vo(t) with spectra density Sp(w) in 
an accumulator with delayed feedback, Sg(w) being such that the noise can be regarded after 
a time T to be practically independent. We denote by yy(t) the noise vo(t) which has passed 
n times through the filter of the accumulator. Then the spectra power density of the random 
process Vy(t) will be [2] 


Sp (@) = So(@) | K () [* (1) 


From the accumulator diagram it follows that the noise at its output after N repetition periods 
T will be expression term of the input noise by the formula 


N 
Wale) Ds mV) (t — nT) (2) 


and its power is 
N 
9 - \ 9 ° 
ai(GAY)) = >, Dee Srt1? (3) 


n=0 


where ae 1 — the power of + 4(t) — is calculated from the spectral density (1): 


oc 
5 la ae Bak oe . Brae 
nS Ss \ Snip (@) dw = al So (w) | A (@) 2? da. 
0 


0 


Substituting this expression in (3) and interchanging the order of summation and integration, 
we obtain finally an expression for the noise power at the output of the accumulator with de- 


layed feedback after N repetition periods, if the input is a stationary noise with spectral 
density of power So(w): 


foe) 

) < Ke iy ise 
eV (Nie eee \ _ So (@) | 
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In particular, in the steady state the noise at the output of the accumulator is obtained from 
(4) with N - oa: ©0 
eae \ S'o () | (o) ie 
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An approximate value of go 2 was obtained in [1] for white noise under superfluous assumption 
that it has a normal distribution. 
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